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Abstract

In light of the rapidly growing large-scale data in federated ecosystems, the
traditional principal component analysis (PCA) is often not applicable due to privacy
protection considerations and large computational burden. Algorithms were proposed
to lower the computational cost, but few can handle both high dimensionality and
massive sample size under distributed settings. In this paper, we propose the FAst
DIstributed (FADI) PCA method for federated data when both the dimension d and
the sample size n are ultra-large, by simultaneously performing parallel computing
along d and distributed computing along n. Specifically, we utilize L parallel copies
of p-dimensional fast sketches to divide the computing burden along d and aggregate
the results distributively along the split samples. We present a general framework
applicable to multiple statistical problems, and establish comprehensive theoretical
results under the general framework. We show that FADI accelerates the computation
while enjoying the same non-asymptotic error rate as the traditional PCA when Lp > d.
We also derive inferential results that characterize the asymptotic distribution of FADI,
and show a phase-transition phenomenon as Lp increases. We perform extensive
simulations to empirically validate our theoretical findings, and apply FADI to the
1000 Genomes data to study the population structure.
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1 Introduction

Widely employed for dimension reduction, principal component analysis (PCA) finds
applications in various scientific fields, including network studies (Abbe et al., 2020),
statistical genetics (Reich et al., 2008) and finance (Pasini, 2017). Parameter estimation
in many statistical models is based on PCA, such as spectral clustering in graphical
models (Abbe, 2018), and clustering with subsequent k-means refinement in Gaussian
mixture models (Chen et al., 2021). When it comes to real data analysis, however, several
shortcomings of the traditional PCA hinder its application to large-scale datasets. First, the
high dimensionality and large sample size of modern big data can make the computation of
PCA infeasible. For instance, PCA is frequently employed to address ancestry confounding
in Genome-Wide Association Studies (GWAS) (Price et al., 2006), yet large biobanks, such
as the UK Biobank (Sudlow et al., 2015), often contain hundreds of thousands to millions
of Single Nucleotide Polymorphisms (SNPs) and subjects, necessitating more scalable
algorithms for efficient computation. Second, large-scale datasets in many applications
are stored in federated ecosystems, where data cannot leave individual warehouses due to
privacy protection considerations (Belbin et al., 2021; Dey et al., 2022; Pulley et al., 2010).
This calls for federated learning methods (Jordan et al., 2019; Li et al., 2020) that provide
efficient and privacy-protected strategies for joint analysis across data warehouses without
the need to exchange individual-level data. In view of those limitations, efforts have been
made in recent years on developing fast PCA and distributed PCA algorithms.
Specifically, the existing fast PCA algorithms use the full-sample data and apply random
projection to speed up calculation. For instance, Halko et al. (2011) proposed to estimate the
K leading eigenvectors of a d x d matrix (K < d) using Gaussian random sketches, which

decreases the computation time by a factor of O(d) at the cost of increasing the statistical



error by a factorial power of d. Halko et al. (2011) tried to enhance estimation accuracy
by employing “subspace iteration” via taking power of the original matrix. However, this
method is not practically applicable to federated data as it necessitates numerous rounds of
data communications. Chen et al. (2016) modified Halko et al. (2011)’s method by repeating
fast sketching and showed the algorithm is consistent when the number of i.i.d. sketches
goes to infinity. However, they did not discuss the finite sample statistical rates, and their
results are limited to deterministic matrices without accounting for data randomness. As all
of these methods use the full data, they have two major limitations. First, though allowing
for large d, the existing fast PCA methods are not scalable to large sample sizes n. Second,
they are not applicable to federated data when data in different sites cannot be shared.

The existing distributed PCA algorithms reduce the computation burden by partitioning
the full data “horizontally” or “vertically”. The horizontal partition splits the data over the
sample size n, whereas the vertical partition splits the data over the dimension d. Fan et al.
(2019) considered the horizontally distributed PCA where they estimated the K leading
eigenvectors of the d x d population covariance matrix by applying traditional PCA to
each data split and aggregating the results across sites. They showed when the number of
splits is not too large, the error rate is of the same order as the traditional PCA. Since
traditional PCA is used for each partition, the computational complexity is at least of order
O(d?), which will be computationally difficult for large d. Kargupta et al. (2001) considered
vertical partition and developed a method that collects local principal components (PCs)
and then reconstructs global PCs by linear transformations. However, there is no theoretical
guarantee on the error rate, and the method may fail for correlated variables.

Apart from the above applications in parameter estimation, inference also constitutes an

important part of PCA. For example, when studying the ancestry groups of whole genome



data under the mixed membership models, while the estimation error rate guarantees
the overall misclustering rate for all subjects, one may be interested in testing whether
two individuals of interest share the same ancestry membership profile and assessing the
associated uncertainty (Fan et al., 2022). Furthermore, despite the rich literature depicting
the asymptotic distribution of traditional PCA estimators under different statistical models
(Anderson, 1963; Johnstone, 2001; Baik et al., 2005; Paul, 2007; Wang and Fan, 2017,
Chen et al., 2019; Yan et al., 2021; Fan et al., 2022), distributional characterization of fast
PCA methods and distributed PCA methods are not well-studied. For instance, Halko
et al. (2011) and Fan et al. (2019) provided error bound for the fast PCA and distributed
PCA algorithms, but with no characterization of the asymptotic distribution and hence
no evaluation of the testing efficiency. Yang et al. (2021) analyzed the convergence in
probability for various sketching methods involving random projections, yet they did not
provide inferential analysis on the estimator. In independent work by Zhang and Tang
(2022), the error bounds and asymptotic distribution of the “subspace iteration” sketching
estimator were derived. However, their method is not efficiently applicable to federated
data, and their model assumptions primarily focus on error matrices with independent
entries, which may not hold for correlated entry-wise errors.

In view of the gaps in the existing literature, we propose in this paper a scalable and
computationally efficient FAst DIstributed (FADI) PCA method applicable to federated
data that could be large in both d and n. Specifically, to obtain the K-leading PCs of a
d x d matrix M from the observed data distributed across m sites, we apply L parallel
copies of p-dimensional fast sketching to each local split, which serves to distribute the
computing burden along d across L parallel machines. The parallel fast sketching results are

subsequently aggregated across the data splits to leverage the information from the complete



data. Finally, we aggregate the PC results across parallel fast sketches to restore statistical
accuracy. These two levels of aggregations offer distinct advantages: the first aggregation
across data partitions ensures the robustness of our method regardless of the number of
machines m, while the second aggregation across parallel sketches reduces statistical errors.

We will show that FADI has computational complexities of smaller magnitudes than the
existing methods (see Table 2), while achieving the same asymptotic efficiency as the tradi-
tional PCA. Moreover, we establish FADI under a general framework that covers multiple
statistical models, including the spiked covariance model, the Gaussian mixture models
(GMM), the degree-corrected mixed membership (DCMM) model, and the incomplete
matrix inference model. For the clarity of presentation, we focus on the spiked covariance
model and the GMM in the main text as illustrative applications and will discuss the
other two in Supplementary Materials A. We consider the horizontally distributed setting
for the spiked covariance model, and the vertically distributed setting for GMM. Further
elaboration on each model can be found in Section 2.

We summarize the major contributions of our paper as follows. First, the existing
fast PCA or distributed PCA methods either handle high dimensions d or large sample
sizes n, but not both. FADI allows both n and d to be large. It improves over fast
PCA (Halko et al., 2011) by achieving scalability for large n through data splitting and
accommodating federated data. It improves over distributed PCA (Fan et al., 2019) by
allowing for large d using multiple fast sketches. Due to the fact that variables are usually
dependent, it is challenging to achieve parallel computing along d and distributed computing
along n simultaneously. To address this challenge, FADI splits the data along n and
untangles the variable dependency along d by dividing the high-dimensional data into

L copies of p-dimensional fast sketches. We establish theoretical error bounds to show



that FADI is as accurate as the traditional PCA so long as Lp 2 d. Second, we provide
distributional guarantees on the FADI estimator to facilitate inference, which is absent in
previous literature on fast or distributed PCA methods. Specifically, we depict the trade-off
between computational complexity and testing efficiency by studying FADI’s asymptotic
distribution under the regimes Lp < d and Lp > d respectively, and show a phase-transition
phenomenon. Third, we propose FADI under a general framework applicable to multiple
statistical models. We provide a comprehensive investigation of FADI’s performance both
methodologically and theoretically under the general framework, and illustrate the results
with specific statistical models. In comparison, the existing distributed methods mainly
focus on estimating the covariance structure of independent samples (Fan et al., 2019).
The rest of the paper is organized as follows. Section 2 introduces the concrete problem
setups. Section 3 discusses FADI’s implementation details, as well as its complexity and
modifications when K is unknown. Section 4 presents the theoretical results on the statistical
rates and asymptotic normality. Section 5 shows the empirical evaluation of FADI’s finite
sample performance and comparisons with several existing methods. The application of

FADI to the 1000 Genomes Data is given in Section 6, followed by discussions in Section 7.

2 Eigenspace Estimation for Low-Rank Matrix

We first introduce some useful notations. For a vector v, we denote by ||v||2 the 3-norm, and

[V]|s the foo-norm. For a matrix A = [A;;] € R™*" denote by A = UAVT = Zjil ou;v]

J

its singular value decomposition (SVD). We use o;(A) (respectively \;(A)) to represent the j-
th largest singular value (respectively eigenvalue) of A, and oyay(A) or omin(A) (respectively
Amax(A) or Apin(A)) stands for the largest or smallest singular value (respectively eigenvalue)

of A. Denote by sgn(A) =3 _,u;v] the matrix signum, by |[|Al|, the matrix spectral

0'j>0



norm, ||Allr the Frobenius norm, and [|Alls e = supj,=1 [AX[ = max; [|ATely the
2-to-oo norm, where {e;}?, C R™ is the canonical basis. For two orthonormal matrices
V,U € R"™ "™ with n; > ny, we define the metric D(U,V) = |[UU" — VV'||r. For an
integer n, define [n| = {1,2,...,n}. We use ¢ and C' to represent generic constants.

In this paper, we aim to estimate the eigenspace of the rank-K symmetric matrix
M € R¥4 whose eigen-decomposition is M = VAV, where A = diag(\i,..., k),
A1l > |2 > ... > |Ag| > 0 and V is the stacked K leading eigenvectors. Note that when
M is asymmetric, we can deploy the “symmetric dilation” trick (Chen et al., 2021) to fit it
into the setting. Denote by A = |A\g| the eigengap, and assume without loss of generality
that Ay > 0. M is a corrupted version of M obtained from observed data, with E = M-M

being the error matrix. Our goal is to estimate the column space of V from M distributively

and scalably. The following two examples provide concrete statistical setups.

Example 1 (Spiked Covariance Model (Johnstone, 2001)). Let X7,..., X, € R be i.i.d.
sub-Gaussian random vectors with E(X;) = 0 and E(X;X,") = X. We assume {X;}",
are i.i.d. for the simplicity of presentation and will generalize the theoretical results to
non-i.i.d. data in Section 4.1. We assume the following decomposition for the covariance
matrix: ¥ = VAV + ¢%I;, where V € R ig the stacked K leading eigenvectors and
A = diag(Ay, ..., A\g) with Ay > ... > Ag > 0. Assume that the data are split along the
sample size n and stored on m different sites. Denote by {XZ-(S)}?;1 the sample split of size
ns on the s-th site, and by X = (st), . ,Xfi))T the corresponding data matrix split
(s=1,...,mand Y ", ns =n). Denote by X = (X1,...,X,)" the full n x d data matrix.
Then M = VAV, and M = 3 — 521, where & = L3, X, X, is the sample covariance

matrix and 52 is a consistent estimator for o2.

Ezxample 2 (Gaussian Mixture Models (GMM) (Chen et al., 2021)). Let Wy,..., W, € R"



be independent samples with W; (j € [d]) generated from one of K Gaussian distributions
with means 8, € R™ (k € [K]). Specifically, for j € [d], W; is associated with a membership
label k; € [K], and W; ~ N (31, 8:1{k; = k},1,). Our goal is to recover the unknown
membership labels k;’s. Denote X = (Wy,...,W,) = (X1,...,X,)", where X; is the i-th
row of X. Without loss of generality, we order W;’s such that E(X) = OF T,

where © = (0y,...,0g) € R™E F =diag(1y,,. .., 14, ) € R,

with dj, denoting the number of samples with mean 6, and 1, € R% denoting vector with
all entries equal to 1. Then we define M = E[X"X]—nl; = FOTOFT and M = XX —nl,.
Recall M = VAV, Since V and F share the same column space, we can recover the
memberships from V. We consider the regime where n > d, and assume there exists a
constant C' > 0 such that max dy < C'ming dy and 01(0) < Cok(©). We consider the
vertically distributed setting where the data are split along the dimension n on m sites.

Denote by X© = (X ... X{))T the data split on the s-th site of size n, (s € [m]).

We primarily illustrate with the above two examples for readability and will provide
additional applications to the degree-corrected mixed membership (DCMM) model and the

incomplete matrix inference model in Supplementary Materials A.
3 Fast Distributed Principal Component Analysis

In this section, we present the FADI algorithm and its application to different examples.
We then provide the computational complexities of FADI and compare it with the existing

methods. We also discuss how to estimate the rank K when it is unknown.

3.1 Overview and Intuition

For a given matrix M ¢ R%*4 the computational cost of the traditional PCA on M is O(d?).

In the case where M is computed from observed data, e.g., the sample covariance matrix



3= L3 X, X", extra computational burden comes from calculating M, e.g., O(nd?)
flops for computing the sample covariance matrix. Hence performing traditional PCA for
large-scale data with high dimensions and huge sample sizes can be considerably expensive.
To reduce the computational cost when d is large, the most straightforward idea is
to reduce the data dimension. One popular method for dimension reduction is random
sketching (Halko et al., 2011). For instance, for a low-rank matrix M of rank K, its column
space can be represented by a low-dimensional fast sketch M€ € R¥P_ where 2 € R4*?
is a random Gaussian matrix with K < p < d. In practice, M is usually replaced by an
almost low-rank corrupted matrix M calculated from observed data. Traditional fast PCA
methods then consider performing random sketching on M instead, and use the full sample
to obtain the fast sketch Y = M ~ VAV that almost maintains the same left singular
space as M = VAV . It is hence reasonable to estimate V by performing SVD on the
d X p matrix Y that has a much smaller computational cost than directly performing PCA
on M. However, one major drawback of this approach is that information might be lost due
to fast sketching. Furthermore, the method is not scalable when n is large or the data are
federated. This motivates us to propose FADI, where we repeat the fast sketching multiple
times on each local split and aggregate the results to reduce the statistical error.
Specifically, assume the data are stored across m sites, and we have the decomposition
M = P M(S), where M® is the component that can be computed locally on the s-th
site (s € [m]). Then instead of applying random sketching directly to ﬁ, FADI computes
in parallel the local fast sketching for each component M® and aggregates the results
across m sites, which will reduce the cost of computing MQ by a factor of 1/m. Note

that this representation of M is legitimate in many models. Taking Example 1 for instance,

define M(®) = L(X®TX®)) - (52 /m)L,, and we have M = 5 — 521, = 7 M), We will



further elaborate on the decomposition in Section 3.3.

3.2 General Algorithmic Framework

Figure 1 illustrates the fast distributed PCA (FADI) algorithm:

Preliminary Processing Fas(tlsk::c]l;mg Pa(ll'ill:: I;SA Aggregation
y ay
( P
. md{ﬁwwa |,
PR Q ==
X ]',-A—.\ N l_ . d[ Y(l)ﬂgd v — d[ P1
i Rt
d{ﬁM(m—»d i (m, 1) ~d
Observed Data .ov d{ z
. d . )4 R . l SVD
™ 4 P d[ﬁ“ﬂ R [ (Fast Sketching)
x4 g;.ég v [df o lEM(”_’dlﬂ YO p K d | e
EE ' '
( d » d{ﬁ Q(L)S—V'Zd{ E YO — d{ E.E: p, ; d{Ev + Output
~—— — L '
d {@Mm_. d{ ﬂ oL
Step 0 Step 1 Step 2 Step 3

Flgure 1: Tllustration of FADI. Here {X(S ™ | are the raw data stored distributively on m sites,
and M is the s-th component of M that can be calculated from X (). =, cim Y(Se

(¢ € [L]) is the ¢-th copy of the fast sketch obtained by aggregating the fast sketches calculated
distributively for each data split.

In Step 0, we perform preliminary processing on the raw data to produce {ﬁ@}g’;l
We will elaborate on the case-specific preprocessing in Section 3.3.

In Step 1, we calculate the distributed fast sketch Y = MQ = S /M(S)Q, where (2
is a d x p standard Gaussian test matrix and K < p < d. To reduce the statistical error,
we repeat the fast sketching L times and aggregate the results from the L copies of Y.
Specifically, we generate L i.i.d. Gaussian test matrices {29}Z | and for each ¢ € [L], we
apply QO distributively to M for each s € [m] and obtain the ¢-th fast sketch of M® as
Y0 = MEOQO, We send Y0 (s =1,---,m) to the ¢-th parallel server for aggregation.

In Step 2, on the ¢-th server, the random sketches Y0 (s=1,---,m) from the m split
datasets corresponding to the (-th test matrix 2 will be collected and added up to get the

(-th fast sketch: Y® = >y Y©0 (¢ € [L]). We next compute in parallel the top K left
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singular vectors VO of YO and send the V@’s to the central processor for aggregation.

In Step 3, on the central processor, calculate > = %21{1::1 VOVOT = %Zle Py,
where P, = VOVOT ig the projection matrix of V. We next calculate the K leading
eigenvectors V of f], which will serve as the final estimator of V.

To further improve the computational efficiency, we might conduct another fast sketching
in Step 3 to compute V. More specifically, we apply the power method (Halko et al., 2011)
to 3 by calculating Y = 39QF = <% S \Af(e)\Af(Z)T)q QF for ¢ > 1, where QF € R>? is a
Gaussian test matrix with dimension p’ that can be set different from p for optimal efficiency.

Here, Y is calculated iteratively: ?(i) = %25:1 <{\/‘(€)§}(€)T?(i_l)> fort=1,...,q, where

Y () = QF and Y = ?(q). We denote by VF the leading K left singular vectors of Y. We

will show in Section 4 when ¢ is properly large, the distance between V and VF is negligible.

Remark 1. We refer to Theorem 4.1 for the choice of p and L. In general, taking p = 2K is
sufficient. For now, we assume K is known, and the scenarios where K is unknown will be

discussed in Section 3.5.
3.3 Case-Specific Processing of Raw Data

In this section, we discuss the calculation of M in Step 0 specifically for each example.

Example 1: Recall that in Step 0 of FADI, to obtain K/I\, we need a consistent estimator
of the residual variance 0. Denote by S = {iy,is,...,ix} C [d] an arbitrary index set
of size K’ > K + 1. Then we estimate 0% by 62 = Amin(is), where Sg is a K’ x K’
principal submatrix of )y computed using only data columns in the set S, and can be
easily computed distributively (see Figure 9 in the supplement for reference). Then for
s € [m], we have M(®) = L(X®TX®)) — (52/m)1,. Note that since computing MEQ =
%X(S)T(X(S)Q) — m~ 1520 is much faster than first computing M® then computing M(S)Q,

we will calculate M€ by calculating X )€ first rather than directly computing M®.

11



Example 2: Recall that the data {W;}9_; C R" are vertically distributed across m
sites, and {X(S) m . are the corresponding data splits. For the s-th site, we have M) =
XOTXE — (n/m)Iy, and for ¢ € [L], we compute Y& by XOT(X®Q®) — (n/m)Q®.

3.4 Computational Complexity

In this section, we provide the communicational and computational complexities of FADI

for each example given in Section 2. The complexity of each step is listed in Table 1.

Communication Computation
Example 1 Example 2 Example 1 Example 2
2 Se: O(% + K?m)
Step 0 O(mK?) N/A 2. O O(1)
Step 1 O(mpd) O(mpd) Y0 ;o) Y0 o(dne)
YO O(mdp) YO ! O(mdp)
Step 2 O(LKd) O(LKd) VO . O(dp?) VO O(dp?)

V:O(dpL+d3)  V:0(d?pL + d®)
VF . O(dKp'Lq + dp'?)
Total O(mpd+ LKd) O(mpd+ LKd) O +dKp'Lqg)  O(“2 + dKp'Lq)

Step 3 N/A N/A

Table 1: Complexity for Examples 1 and 2. For the simplicity of presentation, we assume
MaXe[m] Ns < N /m. In Step 3, we recommend computing V¥ instead of V in practice. The total

complexity in the last line refers to the total computational cost for VFE.

When m can be customized, we recommend taking m < n/d for optimal efficiency.
When p < (K Vlogd), L < d/p, p' < K and ¢ < logd, the total computational cost will be
O(dn(K Vlogd)/m+d*K log d). Inference on eigenspace requires computing the asymptotic
covariance, whose formula and computational costs will be discussed in Sections 4.3 and 4.4.

For a comparison of FADI with the existing works, we provide in Table 2 the theoretical
error rates and the computational complexities of FADI against different PCA methods
under Example 1 (please refer to Therem 4.1 for the error rates of FADI). We choose
Example 1 for illustration, as the existing distributed PCA methods mainly consider this

setting (Fan et al., 2019). The results show that under the distributed setting, FADI has a
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Method Error Rate Computational Complexity
FADI O(y/Kr/n) | O (dn(K Vlogd)/m+ d°K logd)
Traditional PCA | O(y/Kr/n) O(d*n + d?)
Fast PCA O(y/Kdr/n) O(dnK + d*K)
Distributed PCA | O(y/Kr/n) O(d*n/m + d®)

Table 2: Error rates and computational complexities for FADI, traditional PCA, fast PCA (one
sketching) (Halko et al., 2011) and distributed PCA (Fan et al., 2019) for Example 1, where the

error rate is evaluated by (E|D(- ,V)|2)1/2. Here r = tr(X)/[|X]|2 refers to the effective rank of
the covariance matrix and m is the number of sites. For FADI, we take p < (K Vlogd), L < d/p,
p' < K and g < logd.

much lower computational complexity than the other three methods, while enjoying the
same error rate as the traditional full-sample PCA. In comparison, the distributed PCA
in (Fan et al., 2019) is slowed down by applying traditional PCA to each data split. The
fast PCA algorithm in (Halko et al., 2011) has suboptimal computational complexity and

theoretical error rate due to their downstream projection that hinders aggregation.

3.5 Estimation of the Rank K

FADI requires inputting the rank K of M. In practice, if we are only interested in estimating
the leading PCs, the exact value of K is not needed as long as the fast sketching dimensions,
p and p’, are sufficiently larger than K. Yet knowing the exact value of K will improve the
computational efficiency as well as facilitate inference on PCs. In fact, the estimation of K
can be incorporated into Step 2 and Step 3 of FADI. Specifically, for the ¢-th parallel server
( ¢ € [L]), after performing the SVD YO = \Afy)./ig)ﬁgﬁ, we estimate K by

KY =min{k < p: 031(YO) = 0,(YO) < /o),

where o > 0 is a user-specified parameter (we refer to Theorem 4.3 for the choice of py).
Then send all the left singular vectors \Afl(f) and K () ¢ € [L] to the central processor. Finally,
on the central processor, take K = [median {[A((l), K® .. [?(L)H as the estimator for K,
and obtain V 7 (respectively \N/'%) by performing PCA (respectively powered fast sketching)

on the aggregated average of {\A/'%?}ge[ 1) and taking the K leading PCs, where \7}? is the K

13



leading PCs of Y. We will show in Theorem 4.3 that K is a consistent estimator of X .

4 Theoretical Guarantees on the FADI Estimator

In this section, we present the theoretical error bound and the asymptotic distribution of

the FADI estimator.
4.1 Theoretical Bound on Error Rates

We need the following condition to guarantee that the error term converges at a proper rate.

Assumption 1 (Convergence of ||E||2). Recall that E = M — M is the error matrix. Assume

that ||El||2 is sub-exponential, and there exists a rate r1(d) such that

HEll2]ly, = sup ¢~ (BB S ri(d).
qz

Remark 2. By standard probability theory, we know that there exists a constant ¢, > 0

such that for any ¢ > 0 we have P(||[E||2 > t) < exp (—cct/r1(d)) and ||E||2 = Op (r1(d)).

We will conduct a variance-bias decomposition on the error rate D({/', V). To facilitate
the discussion, we introduce the intermediate matrix 3’ = Eq (\7@)\7(@”), where the
expectation is taken with respect to 2. Let V' be the top K eigenvectors of 3. Note that
both ¥’ and V' are random depending on M. For the FADI PC estimator \7, we have the

following “variance-bias” decomposition of the error rate:

D(V.V) <D(V,V)+D(V', V).
—_—

variance bias

Conditional on all the available data, the first term characterizes the statistical randomness
of V due to fast sketching, whereas the second bias term is deterministic and depends on all
the information provided by the data. Intuitively, since 3= % Zle VoOvoT converges to
the conditional expectation X, V will also converge to V'. Hence the first variance term goes

to 0 asymptotically. As for the second bias term, let V be the K leading eigenvectors of K/I\7

then we further break the bias term into two components: D(V', V) < D(\Af, V)+D(V', {\7)

14



We can see that the first term is the error rate for the traditional PCA, whereas the second
term is the bias caused by fast sketching. We can show that the second term is 0 with high
probability and is hence negligible compared to the first term, and the bias of the FADI
estimator is of the same order as the error rate of the traditional PCA. In other words, the
bias of the FADI estimator mainly comes from {/', which is due to the information we can
get from the available data. The following theorem gives the overall error rate of the FADI

PC estimator. Its proof is given in Supplementary Materials D.2.

Theorem 4.1. Under Assumption 1, if p > max(2K, K + 7) and (logd)™*/p/dA/r(d

> C for some large enough constant C' > 0, we have

(ED@. V)" 5 %m(d) + Af—]imd). 1)

Furthermore, under the conditions that p > max (2K, K+8q—1) and (logd)~*\/p/dA/r,(d

C, there exists some constant n > 0 such that

(EID(V", V)|2>1/ i 5§r1(d)+, /Af—;an(dH\/?(nqa /Ai%ﬁ(d)) | (2)

On the RHS of (1), the first term is the bias term, while the second term is the
variance term. When Lp < d, the variance term will be of the same order as the bias
term, which is the error rate of the traditional PCA. As for (2), the first term and
the second term on the RHS are the same as the bias and the variance terms in (1),
while the third term comes from the additional fast sketching. If we properly choose

= [(log (\/p/_dA/Tl(d)))fl logd] + 1 < logd, the third term in (2) will be negligible.
Based upon Theorem 4.1, we provide the case-specific error rate for each example given in

Section 2 in the following corollary. The proof is deferred to Supplementary Materials D.3.

Corollary 4.2. For Ezamples 1 and 2, we have the following error bounds for each case

under corresponding reqularity conditions.
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e Ezample 1: Define ky = (A + 02)/A and recall r = tr(X)/||X]|2, then under the
conditions that p' > max(2K, K +7), p > max(2K, K + 8logd — 1), ¢ = [logd] and

n > C(rd/p)x?log*d for some large enough constant C' > 0, it holds that

(Em(i“fF 2 \/1’T \/ffz (3)

e Example 2: Under the conditions that A2 > C'K (log d)? max d(log d)?/p, \/n/p) for

some large enough constant C' > 0, where Ay = ||®|2, if we take p’ > max(2K, K +7),

p > max(2K, K + 8logd — 1) and q = [logd], it holds that

e\ (K K [En) [d (K K [En
SV ELSS IV R (LGRS 4
(EID(V.VIP) S ARV i Vol W v @

Remark 3. We can generalize the results of Example 1 to the heterogeneous residual
variance model for non-i.i.d. data, under which {X;}" , C R? are centered random vectors
such that lim, o 237 | E(X;X,") = ¥ = D + VAV', where D = diag(o?,...,03)
and M| V(|5 /A = o(1). Then we have M = $ — diag(E), where & = L3ELXX]T
M = VAV and [|E[; < 2| — Z|s + || diag(VAVT)|}s < 2|E — =||z + M [|V||3. Then
by plugging in ri(d) = M| V|5, + ||||§] — XJ|2]|¢,, we have the error bound under the
heterogeneous scenario. While the first term is deterministic, the second term depends on
the dependence structure of the sample. Many studies depicted the convergence of the

sample covariance matrix for non-i.i.d. data (Banna et al., 2016; Fan et al., 2013).

In Example 1, when Lp 2 d, our error rate in (3) achieves optimality (Fan et al., 2019).
In the distributed data setting, we impose the condition n/r 2 d/p, while Fan et al. (2019)’s
distributed PCA requires n/r > m. In our approach, the additional factor d/p can be
interpreted as the number of “vertical splits” along the dimension d, playing a similar role
as the extra factor m (the number of splits along n) in Fan et al. (2019)’s method. Both

Fan et al. (2019)’s and our scaling conditions involve an extra factor in exchange for reduced
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computational costs under the distributed setting. As for Example 2, our estimation rate
in (4) is the same as in (Chen et al., 2021). When the rank K is unknown and estimated
by FADI, the following theorem shows that under appropriate conditions, our estimator K

presented in Section 3.5 recovers the true K with high probability.

Theorem 4.3. Under Assumption 1, define ng = 480c;'\/d/(A2%p)ri(d)logd, where
ce > 0 is the constant defined in Remark 2. When d > 2, 2K < p < d(logd)™? and
no < (32logd)~¥ @K+ " if we choose pig such that Ang/24 < po < A\/Mo/12, then with

probability at least 1 — O(d~E"20/2) K = K

We defer the proof to Supplementary Materials D.4. We provide case-specific choices of

the thresholding parameter p in the following corollary.
Corollary 4.4. We specify the choice of ug for Examples 1 and 2,

o Ezample 1: Under the conditions that 2K < p < (logd)™2d, n > r3rd/p(logd)?,
(M + 0%) < (y/np/(dlog d))1/4 and A > (o72(np)~'/2dlog d)l/s, if we take oy =

(d(np)*l/2 log d)3/4 /12, with probability at least 1 — O (d*(L/\QO)/z), we have K = K.

e Ezample 2: Under the conditions that 2K < p < (logd)™?d and K (logd)*\/n/p <
A < nK/d(logd)?, if we take po = d(logd)*/n/p/12, with probability at least

1— O (d=E"29/2) " we have K =K.

Remark 4. The proof is in Supplementary Materials D.5. For Example 2, we impose the
upper bound on Aj because in practice the eigengap A is unknown, and estimation of A
requires knowledge of K. Imposing the upper bound on A, makes the term in g involving

knowledge of A vanish and enables the estimation of K from observed data.
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4.2 Inferential Analysis: Intuition and Assumptions

In Section 4.1, we discuss the theoretical error bounds and present the bias-variance
decomposition for the FADI estimator V¥. From (2), we can see that when Lp > d, the
bias term will be the leading term, and the dominating error comes from D(\Af, V), whereas
when Lp < d, the variance term will be the leading term and the main error derives
from D(\NfF, \Af) This offers insight into conducting inference on the estimator and implies
a possible phase transition in the asymptotic distribution. Before moving on to further

discussions, we state the following assumption to ensure that the bias of M is negligible.

Assumption 2 (Statistical Rate for the Biased Error Term). For the error matrix E we have
the decomposition E = Eq + E;, where E(Ey) = 0 and E, is the biased error term satisfying

im0 P([|Ep||2<r2(d)) = 1 with ro(d) = o(r1(d)).

In fact, we will later show in Section 4.3 and Section 4.4 that the leading term for the

distance between VF and V takes on two different forms under the two regimes:

VFH -V~ P, E,VA! | ifLp>d;
VFH -V~ P EQBolL~! |, if Lp<d,

where H is some orthogonal aligning matrix, P, = I-Py =I-VV' Q = \/iﬁ(ﬂ(l), N 91520
R and B = (BWT, ... BT with BY = (AVTQO/ /p)f e RP*K for £ =1,..., L.
Here ()T stands for the Moore-Penrose pseudo inverse. To get an intuitive understand-
ing on the form of the leading error term, let’s start with the regime Lp > d where
D(VF, V)~ D(V, V) and consider the case where {IMe|}E | are well-separated such that
H =~ Ix. Following basic algebra, we have

VE_VaV-VaP (V-V)=P,(MVA ' - MVA)
~P, (M-M)VA!' =P, E;VA !,

where A is the K -leading eigenvalues of M corresponding to \Af, and the second approximation
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is due to the fact that V and V are fairly close and PV({\/ — V) will be negligible.

Now we turn to the scenario Lp < d, where the error mainly comes from VF — V. For
a given ¢ € [L], denote YO = MQ® = VAQ® | where Q© = VTQ® is also a Gaussian
test matrix. Intuitively, p‘lﬁ(’z)ﬁ“)T ~ Ix when p is much larger than K. Hence QO
acts like an orthonormal matrix scaled by ,/p, and the rank-K truncated SVD for Y /\/P
and Y/, /p will approximately be \A/'(E)ZA\(SNZ(@) /+/P) and VA(Q®/ /D) respectively. Then

following similar arguments as when Lp > d, we have

VO -V~ P (YO VD@5 AT = (YO V(@) TAT)
~ P (YO p = Y9/ /p) (@9 yp) A ~ PLE(Q//p)BY),

where the last approximation is because when Qo /+/P is almost orthonormal we have

B = (AQW/ /p)t = (@O /,/p)TA~". Then aggregating the results over £ € [L] we have

L L
~ 1 ~ 1
Vieva -y {V“) - V} ~ = Y PLE(QY/p)BY = PLEQB L.
/=1 =1
It is worth noting that

ToBg~ 1 (Z(ﬂ/\/ﬁXQ/\/z‘?)T) VATl VAT (5)

(=1

when Lp > d, which demonstrates the consistency of the leading term across different

regimes of Lp. To unify the notations, we denote the leading term for VFH -V by

V(Ey) P, E,VA™! . if Lp> d;
/7 PLENBgL™! |, iflp<d.

Before we formally present the theorems, we introduce the following extra regularity

conditions necessary for studying the asymptotic features of the eigenspace estimator.

Assumption 3 (Incoherence Condition). For the eigenspace of the true matrix M, we assume

IV]l2.00 < v/ @K /d, where po > 1 may change with d.
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Assumption 4 (Statistical Rates for Eigenspace Convergence). For the unbiased error term

Eq and the traditional PCA estimator \A/', we have the following statistical rates
lim P(|[Vsgn(V'V) = V]s00<r3(d)) =1, lim P(|Eg(Ly — VV )V |ly00<ra(d)) = 1.
d—00 d—o0

Assumption 5 (Central Limit Theorem). For the leading term V(Eg) and any j € [d], it
holds that

S PV(E)Te; 4 N(0, 1),

where X; = Cov(V(Eg) "e;|2) when Lp < d and X; = Cov(V(Eo)"e;) when Lp > d.

Assumption 3 is the incoherence condition to guarantee that the information of the
eigenspace is uniformly spread. In Assumption 4 , r3(d) bounds the row-wise estimation
error for the eigenspace, while r4(d) characterizes the row-wise convergence rate of the
residual error term projected onto the spaces spanned by \% 1 and V consecutively, i.e.,
| Eo(Iy — \A/'\AfT)VHZOO = [[EoPg, Pvll2,. Assumption 5 states that the leading term
satisfies the central limit theorem (CLT). These assumptions are for the general framework
and will be translated into case-specific conditions for concrete examples. With the above

assumptions in place, we are ready to present the formal inferential results.

4.3 Inference When Lp > d

We first define H = HyH ;H{ to be the alignment matrix between VF and V., where
H, = sgn(VFTV), H; = sgn(VTV) and Hy = sgn(VTV). The following theorem provides

the distributional guarantee of FADI when Lp > d.

Theorem 4.5. When Lp > d, under Assumptions 1 - 5, recall 3; = Cov (V(Eo)Tej) for
j € [d]. Define r(d) =A™ ( f—Ldrl(d) +r3(d)ry (d)+1/ L2511 (d)*+r2(d)+r4(d)), and assume

that there exists a statistical rate n1(d) such that
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min M (25) Zm(d) and m(d)”?r(d) = of1).
Je

If A= (d)(log d)*\/d/p = o(1) and we take
q>2+log(Ld)/loglogd, p' >max(2K,K+7) and p>max(2K,K +8q—1),

we have =, *(VFH - V)Te; % N (0,1x), V) € [d]. (6)

Remark 5. The proof is deferred to Supplementary Materials D.9. Here 7;(d) guarantees
that the asymptotic covariance is positive definite, and the rate r(d) bounds the remainder
term stemming from fast sketching approximation and eigenspace misalignment. We will
see in the concrete examples that the asymptotic covariance of the FADI estimator under
the regime Lp > d is the same as that of the traditional PCA estimator. Namely, we can
increase the number of repeated sketches in exchange for the same testing efficiency as the

traditional PCA. We present the corollaries of Theorem 4.5 for Examples 1 and 2 as follows.

Recall the set S of size K’ defined in Section 3.3 for estimating 52. Denote by Xg the
population covariance matrix corresponding to is and by § = A\g(Zg) — 0? the eigengap

of ¥g. Define 0, = ||Xgl|2. We have the following corollary of Theorem 4.5 for Example 1.

Corollary 4.6 (Spiked Covariance Model). Assume that {X;}?_, are i.i.d. multivariate
Gaussian. If we take K' = K + 1, p/ > max(2K, K + 7), ¢ > 2 + log(Ld)/ loglogd and
p > max(2K, K + 8q — 1), then when Lp > Kdrki\,/o?, under Assumption 3 and the

conditions that
n > max (/{‘f(log d)*r?*\; /o2, (Iil)\1/0'2)6> and K < min <(51/5) rar, u_2/3/<¢1_4/3d2/3> )
we have that (6) holds. Furthermore, we have
S (VPH - V) Te; 5 N(0,1x), V) € [d], (7)
where ij = %QA_lvTZVA_l is a simplification of 3; under Example 1. Besides, if we
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define A = VETMVY and estimate ij by f]j = %(32]&_1 +5*A2), then we have

STV2(VE - VHT)Te; 5 N(0,1x), V5 e [d]. (8)

J

Remark 6. The proof is in Supplementary Materials D.10. We compute A distributively
across the m data splits, and the cost for computing flj is O(ndK/m). We recommend
taking p = [V/d], L = [k2Kd*?logd] and q = [logd] > 2 + log(Ld)/loglog d for optimal
computational efficiency, where the total computation cost will be O(K3d*/?(log d)?). Our
asymptotic covariance matrix is the same as that of the traditional PCA estimator under
the incoherence condition (Wang and Fan, 2017). Specifically, Wang and Fan (2017) studied
the asymptotic distribution of the traditional PCA estimator by assuming that the spiked
eigenvalues are well-separated and diverging to infinity, which is not required by our paper.
Our scaling conditions are stronger than the estimation results in Corollary 4.2 to cancel

out the additional randomness induced by fast sketching and allow for efficient inference.

Denote by pg = Ay *ty/n/K||®]|2. the incoherence parameter for the Gaussian means.

Then we have the following corollary for Example 2.

Corollary 4.7 (Gaussian Mixture Models). When Lp > d, If we take ¢ > 2+log(Ld)/loglogd,

p > max(2K, K + 8¢ — 1) and p' > max(2K, K + 7), under the conditions that

4/3 K d2
o and L > —,

K=o(d), n>d, Kyn(logd)’<A}< —
pyd p

we have that (6) holds. Furthermore, if we denote ij =A'V{FOTOF™ +nl;} VA,
we have

SAVIH - V) Te; 5 N (0,1x), V) € [d]. (9)
If we define A = VFTMVF and estimate ij by ij = A4 nX_Q, we have

5 (VE - VHT) e 5 N(0,1), V5 € [d). (10)

J

22



Remark 7. Please refer to Supplementary Materials D.11 for the proof. We impose the
upper bound on A to guarantee that the leading term satisfies the CLT. The distributive
computation cost of 3 is O(ndK/m). We recommend taking p = [Vd], L = [Kd*?logd]
and ¢ = [logd], with total complexity of O(K?3d*?(logd)?). In Corollary 4.7, the scaling
condition for n is n > d? compared to n > d in Corollary 4.2, where the extra factor d is
to guarantee fast enough convergence rate of the remainder term for inference. It can be
verified that the Cramér-Rao lower bound for unbiased estimators of V'e; is A1, and thus
we can also see from (9) that when Ay is large enough, the asymptotic efficiency of VFis 1

under the regime Lp > d.

4.4 Inference When Lp < d

Similar as when Lp > d, we first redefine the alignment matrix between VF and V as
H = H,H,, where H; = sgn(VFTV) and Hy = sgn(VTV). Then we have the following

theorem characterizing the limiting distribution for VF.

Theorem 4.8. For the case when Lp < d, under Assumptions 1, 2, 3 and 5, for j € [d],

recall ¥; = Cov(V(Eg) "e;|Q) and assume that there exists a statistical rate no(d) such that

d?"g (d)2
LpA2n,(d)

=o(1) and

)>: 7 d*ri(d)*(log d) — (1),

jimP (miy A (25) 2m(d) = 1 e o

d—o0 j€ld]

Then if we take K(logd)? < p=<p' < d/(logd)? and ¢ > logd we have

SA(VEH - V) Te; 5 N(0,1x), V)€ [d]. (11)

Remark 8. Theorem 4.8 states that under proper scaling conditions, the FADI estimator
still enjoys asymptotic normality even when Lp < d. The rate 7y(d) is usually at least of
order (d/A?Lp)Amin(Cov(Ege;)). In comparison, the rate 7;(d) in Theorem 4.5 is usually of
order A} *Apin(Cov(Ege;)), suggesting a larger variance and lower testing efficiency of FADI

at Lp < d than at Lp > d. The proof is deferred to Supplementary Materials D.6.
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The following corollaries of Theorem 4.8 provide case-specific distributional guarantee

for Examples 1 and 2 under the regime Lp < d.

Corollary 4.9 (Spiked Covariance Model). Assume {X;}, are i.i.d. multivariate Gaus-
sian. When Lp < A\[2A%d, if we take K' = K + 1, K(logd)? < p < p' < d/(logd)? and

q > logd, under Assumption 3 and the conditions that

INdr?L NGSK? K2
n > max (Kl pla‘f : 555404 ) (logd)* and AQl \/g = o(1),

we have that (11) holds. Furthermore, if we define ij = %BEQTEQBQ, we have

STAVIH - V)Te; S N(0,1), V)€ [d] (12)

If we further assume o2\ ki \/@r/(np?L) = o(1) and estimate 3; by 5, = f—;ﬁg(ﬂiﬂﬁg,
where Bg = (BOT ... . BET)T with BO = (VFTY O/ /p)t for ¢ € [L], we have

STV2(VE - VHT) e, 5 N (0,1x), V)€ [d]. (13)

J

Remark 9. The proof is in Supplementary Materials D.7. For the computation of ij,
apart from \A/'(e), the /-th machine on layer 2 (see Figure 1) will send Q) and Y to the
central processor, and the total communication cost for each server is O(dp). On the central
processor, the total computational cost of Bg will be O(dpK L). Then we will compute
QTS0 = \/LI;QT(?(I), YD) 4 52Q7Q with total cost O(d(Lp)?) = o(d*). Compared
to Corollary 4.6, Corollary 4.9 has stronger scaling conditions on the sample size n to
compensate for the extra variability due to less fast sketches. As indicated by (5), the

asymptotic covariance matrix of Corollary 4.10 is consistent with Corollary 4.7.

Corollary 4.10 (Gaussian Mixture Models). When Lp < d, if we take K (logd)? < p <

p' <d/(logd)? and q > logd, we have that (11) holds under the conditions that

K 3L dnL nt/3
—logd=0(1), n>—, and K(logd)* —<<A2<<min(n,—).
V5 togd = 0(1) ; (og | == < 4] -
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Furthermore, if we define ij = L2B,OQT (F@TGFT + nId> QBg, then we have

SAVIH - V)Te; S N(0,1), V)€ [d] (14)

If we further assume d*A% < KLp*n* and estimate ij by ZA]j = %ﬁgQT (ﬁ - nId> QBg,

where Bg = (BOT, ... . BET)T with BO = (VFTY O/ /p)t for ¢ € [L], we have

STV2VE _VHT) e, 5 N (0,1x), V) e [d]. (15)

J

Remark 10. The proof of Corollary 4.10 is deferred to Supplementary Materials D.8.
Computation of f]j is very similar to Example 1 as described in Remark 9, and the total
computational cost is O(d(Lp)?) = o(d®). The stronger scaling conditions are the trade-off

for higher computational efficiency with less fast sketches.

5 Numerical Results

In this section, we conduct extensive simulation studies to assess the performance of FADI

under each example given in Section 2 and compare it with several existing methods.
5.1 Example 1: Spiked Covariance Model

We generate {X;}*, i.i.d. from N(0,X), where ¥ = VAV + ¢%I;. We consider K = 3,
n = 20000 and set d = 500, 1000, 2000 respectively to study the asymptotic properties
of the FADI estimator under different settings. To ensure the incoherence condition is
satisfied, we set V to be the left singular vectors of a d x K i.i.d. Gaussian matrix. We take
A = diag(6,4,2) and 02 = 1. We split the data into m = 20 subsamples, and set K’ = 6,
p=p =12 and ¢ = 7 to compute VF. We set L at a range of values by taking the ratio
Lp/d € {0.2,0.6,0.9,1,1.2,2,5,10} for each setting and compute the asymptotic covariance

via Corollary 4.6 and Corollary 4.9 correspondingly. We define v = 21—1/ (VE - VH)Tey,

where H = Sgn(\NfFTV), and calculate the coverage probability by empirically evaluating
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P(|Iv]|3 < x3(0.95)) with x3(0.95) being the 0.95 quantile of the Chi-squared distribution
with degrees of freedom equal to 3. Results are shown in Figure 2. Figure 2(a) shows that
as Lp/d increases, the error rate of FADI converges to that of the traditional PCA. From
Figure 2(b) we can see that when Lp/d is approaching 1 from the left, the computational
efficiency drops due to the cost of computing 21. For Figure 2(c), convergence towards the
nominal 95% level can be observed when Lp/d is much smaller or much larger than 1, while
the valley at Lp/d around 1 is consistent with the theoretical conditions on Lp/d in Section 4
and implies a possible phase-transition phenomenon on the distributional convergence of
FADI. Note that the empirical coverage is closer to the nominal level 0.95 at d = 2000
than at d € {500,1000}, which might be caused by the vanishing of some error terms for
approximation of the asymptotic covariance matrix as d grows larger. The good Gaussian
approximation of v; is further validated by Figure 2(d), where v; is the first entry of v.
Based upon the low computational efficiency and poor empirical coverage at Lp/d around
1, we recommend conducting inference based on FADI at regimes Lp > d and Lp < d only.
In particular, we suggest the regime Lp > d if priority is given to higher testing efficiency,
and the regime Lp < d if one needs valid inference with faster computation.

We also compare FADI with traditional and distributed PCA (Fan et al., 2019). Results
over 100 Monte Carlos are given in Table 3. We can see that FADI significantly outperforms
both distributed PCA and traditional PCA in terms of computation time under the
distributed setting. Specifically, FADI enjoys similar error rates to traditional PCA and
distributed PCA while being computationally much faster, ranging from 65 to 717 times
faster than traditional PCA and 8.4 to 80.5 times faster than distributed PCA for a range

of d and n. Its computational advantage is more pronounced as d and n increase.
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Figure 2: Performance of FADI under different settings for Example 1 (with 300 Monte Carlos).
(a) Empirical error rates of AD(VF, V), where the grey dashed lines represent the error rates for the
traditional PCA estimator V; (b) Running time (in seconds) under different settings (including the
computation time of f]l) For the traditional PCA, the running time is 4.86 seconds at d = 500,
20.95 seconds at d = 1000 and 99.23 seconds at d = 2000; (c¢) Empirical coverage probability; (d)
Q-Q plot for v; at Lp/d € {0.2,10}.

5.2 Example 2: Gaussian Mixture Models

Under this setting, we take K = 3, fix the Gaussian vector dimension at n = 20000 and set
A2 =23 Then we generate the Gaussian means by 6 "< N (O, 3—51,1), k € [K]. We set
d = 500, 1000, 2000 respectively and generate independent Gaussian samples {W;}4_, € R®
from a mixture of Gaussian with means 0y, k € [K] under different settings. We assign
each cluster k € [K] with d/K Gaussian samples. We divide the data vertically along n
into m = 20 splits, set p = p’ = 12 and ¢ = 7 for the final powered fast sketching. We take
the ratio Lp/d € {0.2,0.6,0.9,1,1.2,2,5,10} for each setting and compute the asymptotic

covariance via Corollary 4.7 and Corollary 4.10. We define v = S;/*(VF — VH") e,

where ; is the asymptotic covariance for the first row of V¥ and H = sgn(VFTV) is the
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Parameters Error rate Running time (seconds)

d n m L | FADI Traditional Distributed | FADI Traditional Distributed
400 30000 15 40 | 0.068 0.065 0.065 | 0.07 4.53 0.59
400 60000 30 40 | 0.048 0.046 0.046 | 0.05 8.84 0.60
400 100000 50 40 | 0.037 0.036 0.036 | 0.05 14.84 0.62
800 100000 50 80 | 0.052 0.050 0.050 | 0.10 55.76 3.66
800 5000 50 80 | 0.230 0.220 0.230 | 0.05 3.76 2.56
800 25000 50 80 | 0.106 0.103 0.103 | 0.07 15.07 2.82
800 50000 50 80 | 0.073 0.070 0.070 | 0.07 28.68 3.23
1600 30000 15 160 | 0.134 0.130 0.130 | 0.31 80.72 27.02
1600 60000 30 160 | 0.095 0.092 0.092 | 0.35 150.75 27.29
1600 100000 50 160 | 0.074 0.071 0.071 | 0.34 243.83 27.38

Table 3: Comparison of the empirical error rates (of D(-, V)) and the running times (in seconds)
between FADI, traditional full sample PCA and distributed PCA (Fan et al., 2019) at X =
diag(50,25,12.5,1,...,1). For FADI, p=p' =12, K =3, K'=4, A=115and ¢ = 7.

alignment matrix, and calculate the empirical coverage probability by empirically evaluating
P([[v]3 < x3(0.95)). We perform 300 Monte Carlo simulations and the results under
different settings are shown in Figure 3. We can see that the error rate of FADI gets closer
to that of traditional PCA estimator as Lp/d increases while FADI greatly outperforms
the traditional PCA in terms of running time under different settings. Note that here d
is the sample size, and the decreasing of error rates with increasing d and fixed n (at the
same Lp/d ratio) is consistent with Corollary 4.2. Similar to Example 1, we can see from
Figure 3(b) the running time is large due to the calculation of >, at Lp/d approaching
1 from the left, and we do not recommend inference at this regime. Validation of the

inferential properties are shown in Figure 3(c) and Figure 3(d).

6 Application to the 1000 Genomes Data

In this section, we apply FADI and the existing methods to the 1000 Genomes Data (1000
Genomes Project Consortium, 2015). We use phase 3 of the 1000 Genomes Data and focus
on common variants with minor allele frequencies larger than or equal to 0.05. There are
2504 subjects in total, and 168,047 independent variants after the linkage disequilibrium

(LD) pruning. As we are interested in the ancestry principal components to capture
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Figure 3: Performance of FADI under different settings for Example 2. (a) Empirical error rates
of D(VF,V); (b) Running time (in seconds) under different settings. For the traditional PCA,
the running time is 5.43 seconds at d = 500, 23.32 seconds at d = 1000 and 105.58 seconds at
d = 2000; (c) Empirical coverage probability; (d) Q-Q plot for vi at Lp/d € {0.2,10}.

population structure, the sample size n is the number of independent variants after LD
pruning (n = 168,047), and the dimension d is the number of subjects (d = 2504) (Price
et al., 2006). The data were collected from 7 super populations: (1) AFR: African; (2)
AMR: Admixed American; (3) EAS: East Asian; (4) EUR: European; (5) SAS: South
Asian; (6) PUR: Puerto Rican and (7) FIN: Finnish; and 26 sub-populations.

For the estimation of the principal components, we assume that the data follow the
spiked covariance model specified in Example 1. We also perform additional inferential
analysis that we defer to Supplementary Materials C. We set K’ = 27, p = 50, p’ = 100,
g =3, m =100 and L = 80. For the estimation of the number of spikes, we take the
thresholding parameter py = (d(np)_l/ 2log d) o/ /12. The estimated number of spikes from

FADIis K = 26, which is close to 25, the number of self-reported ethnicity groups minus
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1, i.e., K = 26 — 1. The results of the 4 leading PCs are shown in Figure 4, where a
clear separation can be observed among different super-populations. We compare the
computational times of different methods for analyzing the 1000 Genomes Data. FADI
takes 5.6 seconds at ¢ = 3, whereas the traditional PCA method takes 595.4 seconds and
the distributed PCA method (Fan et al., 2019) takes 120.2 seconds. These results show that

FADI greatly outperforms the existing PCA methods in terms of computational time.
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Figure 4: The top 4 principal components of the 1000 Genomes Data. For the first two PCs,
PC 1 separates African (AFR) super-population from the others, whereas PC 2 separates East
Asian (EAS) from the others. As for PC 3 and PC 4, South Asian (SAS) and Ad Mixed American
(AMR) are well separated from the rest of the super-populations by PC 3, while PC 4 presents
some additional separation.

7 Discussion

In this paper, we develop a FAst DIstributed PCA algorithm (FADI) to address the

challenges posed by high-dimensional PCA computations, offering a compelling balance
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between computational efficiency and result accuracy. The main idea is to apply distributed-
friendly random sketches so as to reduce the data dimension and aggregate the results from
multiple sketches to improve the statistical accuracy and accommodate federated data.

In contrast to the computationally expensive traditional full sample PCA, which is not
suitable for federated data, FADI significantly reduces computational costs and is well-suited
for large federated data. While existing distributed PCA methods (Fan et al., 2019) can
handle federated data by applying traditional PCA to each data split, they lack scalability
when the dimension d is large. On the other hand, existing fast PCA methods (Halko
et al., 2011; Chen et al., 2016) use random sketches on full data, allowing for large d but
lack scalability for large sample sizes n and are not applicable to federated data. FADI
addresses the limitations of both distributed PCA and fast PCA methods, offering significant
scalability when both d and n are large or when dealing with federated data. It achieves
computational scalability by computing multiple random sketches to split datasets and
efficiently aggregating the results across them. Theoretical analysis shows that FADI enjoys
the same non-asymptotic error rate as the traditional PCA when the number of repeated
sketches L is of order d/p, which is also affirmed by extensive simulation studies. We also
establish distributional guarantee for the FADI estimator and perform numerical experiments
to validate the potential phase-transition phenomenon in distributional convergence.

Fast PCA algorithms using random sketches usually require the data to have certain
“almost low-rank” structures, without which the approximation might not be accurate (Halko
et al., 2011). It is of future research interest to investigate whether the proposed FADI
approach can be extended to non-low-rank settings. In Step 3 of FADI, we aggregate local
estimators by taking a simple average over the projection matrices. It would be of future

research interest to explore the performance of other weighted averages.
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Supplementary Materials to

Dimension Reduction for Large-Scale Federated Data: Statistical
Rate and Asymptotic Inference

This file contains the supplementary materials to the paper “Dimension Reduction for
Large-Scale Federated Data: Statistical Rate and Asymptotic Inference”. Section A presents
additional applications of FADI under the degree-corrected mixed membership (DCMM)
model and the incomplete matrix inference model. In Section B we provide numerical results
for Example 3 and Example 4 along with some additional simulation results for Example 1
under the genetic setting. In Section C, we present additional real data application of FADI
to the 1000 Genomes Data for inference under Example 3. In Section D, we present the
proofs for the main theorems, propositions and corollaries given in Section 4 of the main
paper. In Section E we give the proofs of some technical lemmas useful for the proofs of the
main theorems. In Section F, we present the modified version of Wedin’s theorem, which
is used in several proofs. Section G provides the supplementary figures deferred from the

main paper.

A Additional Applications to Other Statistical Models

As mentioned in Section 1, FADI is developed within a general framework that encompasses
multiple statistical models. In the main text, we present applications of FADI to the spiked
covariance model and the Gaussian mixture models (GMM) for the purpose of illustration.
In this section, we provide additional applications of FADI to the degree-corrected mixed
membership (DCMM) model and the incomplete matrix inference model. The specific

model setups are provided below.



Ezxample 3 (Degree-Corrected Mixed Membership (DCMM) Model (Fan et al., 2022)). Let
X € R4 be a symmetric adjacency matrix for an undirected graph of d nodes, where
X,;; = 1 if nodes i,j € [d] are connected and X;; = 0 otherwise. Assume X;;’s are
independent for i < j and E(X) = OIIPII'©, where ® = diag(f,,...,0,) stands for
the degree heterogeneity matrix, IT = (my,...,m;)" € R¥™X is the stacked community

RKXK

assignment probability vectors and P € is a symmetric rank- K matrix with constant

entries Py € (0,1) for k, k" € [K]. Then M = E(X) = OIIPII'O and M = X.! The
goal is to infer the community membership profiles IT. Recall M = VAV . Since V
and OII share the same column space, we can make inference on IT through V.? In
this paper, we assume that there exist constants C' > ¢ > 0 such that o (IT) > ¢/d/K,
¢ < Ag(P) < X\ (P) < CK and max; 0; < C min, 0;, where we define § = max; 67 as the rate
of signal strength. We assume that the adjacency matrix is distributed across m sites, where

on the s-th site we observe the connectivity matrix X € R¥*% and X = (X1, ... X)),

Ezample 4 (Incomplete Matrix Inference (Chen et al., 2019)). Assume that M = VAV
is a symmetric rank-K matrix, and S C [d] x [d] is a subset of indices. We only observe
the perturbed entries of M in the subset S. Specifically, for ¢ < j, we denote d;; = ;; =
I{(7,5) € S}, and J;; ES) Bernoulli(f) is an indicator for whether the (i,j)-th entry is
missing. Then for ¢, j € [d], the observation for M;; is X;; = (M;; + €;;)0;;, where €;; = ¢j;
are ii.d. random variables satisfying E(e;;) = 0, E(c};) = ¢ and sup,; |e;5] S ologd.?

—~

Then to adjust for scaling, we define the observed data as M = M| = a_l[Xij], where

In the case where self-loops are absent, X will be replaced by X’ = X — diag(X) and E will be replaced
by E' = E — diag(X). Our theoretical results hold for both cases.

2To address the degree heterogeneity, one can perform the SCORE normalization to cancel out @ (Jin,
2015).

3We can generalize the results to sub-Gaussian error €;4;’s with variance proxy o? by taking the truncated
error ¢f; = g45{|e;;| < 40v/logd}, and by the maximal inequality for sub-Gaussian random variables we
know that with probability at least 1 — O(d~°), &;; = sgj,W, J € [d], and the theorems can be generalized
with minor modifications.



0 = 2|S]/(d(d 4+ 1)).* Consider the distributed setting where the data are split along
d on m servers, where X® € R%*4 gtands for the observations on the s-th server and

—

M = 5‘1(X(1), ..., X)), The goal is to infer V from M in the presence of missing data.

In Example 3 and Example 4, the sample size n coincides with the dimension d, and we
consider the distributed settings along d. Table 4 presents the computational complexities

and parameter choices of FADI for these two examples.

Complexity p L
DCMM model O(d?p/m + dKpLlogd) vd /d
Incomplete matrix inference O(d?p/m + dKpLlogd) d +/d

Table 4: Computational complexities and parameter choice of FADI for PCA estimation under
Example 3 and Example 4, where K is the rank of M, d is the dimension of M, m is the number
of data splits, p is the fast sketching dimension and L is the number of repeated sketches.

A.1 Raw Data Processing

The preliminary data processing for generating M in Step 0 of FADI is presented as follows.
Example 3: Recall that the adjacency matrix is stored distributively on m sites, and
for the s-th site we observe the connectivity matrix X(®). Then for s € [m], define
M) = (el ®1;) diag(X™, ..., X(™)) where ® is the Kronecker product, and {e,}™, C R™
is the canonical basis for R™. Namely, M is the s-th observation X () augmented by zeros,
and M = o M) = (XM, ..., X)) = X. No preliminary computation is needed.

Example 4: Recall that we observe the split data {X(®}™  with missing entries on

m servers. Define M®) = §~1(e] ® I,)diag(XV,...,X™) for the s-th server, where

6 = 2|S|/(d(d+ 1)), then we have M = Y- M) = (XD ... Xm).

4In practice, we can estimate V by X rather than by M = §_1X, since the two matrices share exactly
the same eigenvectors. However, we need the factor #~! to preserve correct scaling for the estimation of
eigenvalues as well as the follow-up inference. Please see Theorem 4.3 and Corollary A.4 for more details.



A.2 Complexity Analysis

Communication Computation
Example 3 Example 4 Example 3 Example 4
Step 0 N/A O(1) N/A o(£)
Step 1 O(mpd) O(mpd) Y0 o(Le) Y0 o(Le)
YO : O(mdp) Y . O(mdp)
Step 2 O(LKd) O(LKd) YO - O(dp?) YO - O(dp?)
Step 3 N/A N/A V¥ . O(dKp'Lq + dp’?)

Total O(mpd+ LKd) O(mpd+ LKd) O(%£2 +dKpLg) O(%2 + dKp'Lg)

Table 5: Communication and computational costs for Example 3 and Example 4. For the simplicity
of presentation, we assume maxX,c,,] ds < d/m. We only recommend computing V¥ instead of V
for Example 3 and Example 4.

Table 5 provides the complexities of each step for Example 3 and Example 4. When m
can be customized, we recommend taking m =< v/d for optimal efficiency. Since direct SVD
on ¥ will induce computational cost of order d*> and we only suggest VF as the eigenspace
estimator. If we take p < Vd, L = d/p, p' < K and ¢ < logd, the total computational cost
will be O(d®? /m + K?d*?1ogd). Computational costs for the inferential procedures will

be discussed in Section A.4.

A.3 Statistical Rates and Rank Estimation

Below, we present the corollary of Theorem 4.1 that illustrates the error rates of FADI in

Example 3 and Example 4. The proof is deferred to Section D.3.

Corollary A.1. For Example 3 and Example 4, we have the following error bounds under

corresponding reqularity conditions.

o Example 3:  Suppose 0>K?d~1/?*¢ for some constant ¢ > 0. If we take p' >



max(2K, K +7), p > Vd and q = [logd), it holds that

_ 12 K | K
(]E|D(VF, V)|2> SE\ 5+ K oI5 (A.16)

e Evample J: Define ko = |M|/A. Suppose 0 > d='/**¢ for some constant ¢ > 0,
/A < d7WD0, || V|ze < /pK/d for some p > 1 and rouK < d'/*, if we take

P > max(2K,K +7), p > Vd and q = [logd], it holds that

~ 2\ V2 Kot K do? Kd{ ropuK do? A
. . A7
(BT VIP) S VE (Tt Ra A E g P A ) A

For Example 3, our estimation rate in (A.16) matches the inferential results in (Fan
et al., 2022). Section A .4 gives a detailed comparison with the method in (Fan et al., 2022)
in terms of the limiting distributions. For Example 4, our error rate in (A.17) matches the
results in (Chen et al., 2021). Recall we show in Theorem 4.3 that when the rank K is
unknown, it can be recovered with high probability by properly choosing the thresholding

parameter pg. Corollary A.2 specifies the choice of g for Example 3 and Example 4. Please

refer to Section D.5 for the proof.

Corollary A.2. For FExamples 3 and 4, we specify the choice of ug under certain reqularity

conditions.

e Fzample 3: Define 0 =d? Zigj Mij, then under the condition that § > K2d~1/?*e
for some constant € > 0 and V/d < p < (logd)~2d, if we take o = (5/p)1/2d10g d/12,

with probability at least 1 — O (d~"20/2) "we have K =K.

e Ezample J: When 0 > d=Y/2*¢ for some constant € > 0, || V|la.00 < \/uK/d for some

> 1, k2K < (logd)?, vd < p < (logd)~2d and (pf)~"*\/do/Alogd = o(1), if



we take po = doglog d(pf)~1/2/12, where Gy = (Z(m)es(é\/l\/\lij)Q/\SDl/z, then with

probability at least 1 — O (d_(L/\QO)/Q), we have K = K.

A.4 Inferential Results When Lp > d

In this section, we provide the inferential results of Example 3 and Example 4 based on

Theorem 4.5.

A.4.1 Degree-Corrected Mixed Membership Models

Corollary A.3. When 0 > K2d='/?*¢ for some constant ¢ > 0 and K = o(d'/3?), if we
take p > V/d, p' > max(2K, K +7), L > K°d?/p and q > 2 + log(Ld)/loglogd, then (6)

holds. Furthermore, if we denote ij = A~V diag ([M;; (1 — Mji)]ieia JVA™, we have
SAVIH - V) Te; 5 N (0,1x), V) € [d]. (A.18)

Besides, define M = (\N/'F{/'FT)ﬁ({/'F{/'FT) and A = VETMVY, then if we estimate f]j by

f]j — ALVEFT diag ([ij,(l — ij/)]j/e[d})\NfFijfl, we have

SAVE - VHN)Te; 4 N(0,1x), V)€ [d]. (A.19)

J

Remark 11. The proof is deferred to Section D.12. We can obtain A by computing VETX ()
in parallel for s € [m], and the computational cost for i]j is O(d*K/m). To achieve the
optimal computational efficiency, we would take p = [v/d] and L = [K>d*/?1logd]. Hence
taking ¢ = [logd] is sufficient, and the total computational cost will be O(K7d*?(log d)?).
Inferential analyses on the membership profiles has received attention in previous works

(Fan et al., 2022; Shen and Lu, 2020). Fan et al. (2022) studied the asymptotic normality



of the spectral estimator under the DCMM model with complicated assumptions on the
eigen-structure (see Conditions 1, 3, 6, 7 in their paper). In comparison, we only impose non-
singularity conditions on the membership profiles, but have a stronger scaling condition on
the signal strength to facilitate the divide-and-conquer process. Our asymptotic covariance

is almost the same as Fan et al. (2022)’s, suggesting the same level of asymptotic efficiency.

A.4.2 Incomplete Matrix Inference

Corollary A.4. When Lp > k2Kd? and 0 > d='/>*¢ for some constant € > 0, if we take
P > max(2K, K +7), p > Vd and ¢ > 2 +log(Ld)/ loglog d, then under Assumption 3 and

the conditions that

KSK3 U3 = o(dY?)  and o/A < \/6/d - min ((/@%x/,quL/im/Klogd)_l, p/d) :

we have that (6) holds. Furthermore, if we denote $; = A~'VT diag (M2, (1—0)/6 +

o?/0)%_) VA, we have
S(VIH - V)Te; S N(0,Ix), V)€ [d). (A.20)

Define A = VFTMVF gnd M = VFAVFT, If we estimate 0? by 7% = Z(i,i,)es(éﬁﬁ, —

M,)/|S| and ; by ;5 = A-"VFT diag ([M2,,(1 — 0)/0 +52/6]%_, ) VFA™", we have
S2(VE - VH)Te; 5 N(0,1x), V5 € [d]. (A.21)

Remark 12. Please see Supplementary Materials D.13 for the proof of Corollary A.4. We
compute A by calculating VETX®) in parallel, and then A can be communicated across

servers at low cost for computing o2. The total computational cost for calculating ilj is



O(d*K/m). We recommend taking p = [V/d], L = [k3Kd*?logd] and q = [logd], and
the total computational cost will be O(K3d*/?(logd)?). Chen et al. (2019) studied the
incomplete matrix inference problem through penalized optimization, and their testing

efficiency is the same as ours.

We do not have distributional results for Examples 3 and 4 under the regime Lp < d. An
intuitive explanation would be that the information contained in each entry is independent
for Example 3 and Example 4, and when Lp < d, too much information will be lost from
the d x d graph or matrix. In comparison, we can still recover information from Examples 1

and 2 under the regime Lp < d due to the correlation structure of the matrix.

B Additional Simulation Results

In this section we present the simulation results for Example 3 and Example 4, and we
provide some additional simulation results for Example 1 to evaluate the performance of

FADI under the genetic settings.

B.1 Example 3: Degree-Corrected Mixed Membership Models

We consider the mixed membership model without degree heterogeneity for the simulation,
i.e., ® = /01, and M = OTIPII". For two preselected nodes 7, j' € [d], we test Hy : ™ =
7y vs. Hy @ m; # 7 by testing

whether V' (e; —e;/) = 0. To simulate the data, we set § = 0.9, K = 3, and set the

membership profiles IT and the connection probability matrix P to be



(1,0,0)7 if1<j<|d/6]
(0,1,0)7 if |d/6] < j < |d/3]
(0,0,1)7 if [d/3] <j < |d/2] 1 02 01
m={ (0.6,02,02)7 if[d/2]<j<|5d/8] , P=[02 1 02
(0.2,0.6,0.2)T if [5d/8] < j < |3d/4] 01 02 1
(0.2,0.2,0.6)T if [3d/4] < j < |7d/8]
| (1/3,1/3,1/3)7 if [7d/8] < j < |d]

We test the performance of FADI under d € {500, 1000, 2000} respectively, and under
each setting of d, we take m = 10, p = p’ = 12, ¢ = 7 and set L by the ratio Lp/d €
{0.2,0.6,0.9,1,1.2,2,5,10}. For each setting, we conduct 300 independent Monte Carlo
simulations. To perform the test, with minor modifications of Corollary A.3, we can show
that

SOP(VIH = V) () — ey) 5 N(0, 1), (B.22)

where the asymptotic covariance is defined as fljJ/ = f)j + f]j/ and can be consistently
estimated by ij,j/ = ﬁj + ij/. We first preselect two nodes, which we denote by j and j’,
with membership profiles both equal to (0.6,0.2,0.2)" and calculate the empirical coverage
probability of P(||d||2 < x2(0.95)), where d = f];;,/QVFT(ej —ej). We also evaluate
the power of the test by choosing two nodes with different membership profiles equal to
(0.6,0.2,0.2)" and (1/3,1/3,1/3) " respectively, which we denote by j and k. We empirically
calculate the power IP’(HJ’H% > x3(0.95)), where d = i;é/QvFT(ej —€). Under the regime

Lp/d < 1, we calculate the asymptotic covariance referring to Theorem 4.8 by

—~ —~ —

ij,jf = L‘zﬁgTzQT diag ([Mjk(l — M) + My (1 — Mi'k)md) 2Ba,

where Bg = (BWT,... BOT)T with BO = (VFTY®/ /p)t € RP*K for £ =1,..., L. We

also apply k-means to VF to differentiate different membership profiles and compare the



misclustering rate with the traditional PCA. The results of different settings are shown
in Figure 5. We can see from Figure 5(d) that under the regime Lp/d < 1, the empirical
coverage probability is zero under all settings, which validates the necessity of Lp/d > 1
for performance guarantee. Figure 5(f) demonstrates the asymptotic normality of Jl at
Lp/d = 10 and poor Gaussian approximation of FADI at Lp/d = 0.2, where d; is the first
entry of d.

We also compare FADI with the SIMPLE method (Fan et al., 2022) on the membership
profile inference under the DCMM model. The SIMPLE method conducted inference directly
on the traditional PCA estimator V and adopted a one-step correction to the empirical
eigenvalues for calculating the asymptotic covariance matrix. We compare the inferential
performance of FADI at Lp/d = 10 with the SIMPLE method (under 100 independent
Monte Carlos), and summarize the results in Table 6, where the running time includes
both the PCA procedure and the computation time of ij,j/. Compared to the SIMPLE
method, our method has a similar coverage probability and power but is computationally

more efficient.

Parameters Coverage probability Power Running time (seconds)
d D L | FADI SIMPLE | FADI SIMPLE | FADI SIMPLE
500 12 417 0.91 092 087 0.88 | 0.21 0.73
1000 12 833 0.94 0.94 | 1.00 1.00 | 0.69 6.77
2000 12 1667 | 0.95 0.98 | 1.00 1.00 | 2.61 59.42

Table 6: Comparison of the coverage probability, power and running time (in seconds) between
FADI and SIMPLE (Fan et al., 2022) under different settings of d. In all settings, we take m = 10,
p=p =12, ¢= "7 and set Lp/d = 10 for FADI.

B.2 Example 4: Incomplete Matrix Inference

For the true matrix M, we consider K = 3, take V to be the K left singular vectors of a

pregenerated d X K i.i.d. Gaussian matrix, and take A = diag(6,4,2). We consider the

10
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Figure 5: Performance of FADI under different settings for Example 3. (a) Empirical error rates
of D(VF, V); (b) Misclustering rate for VT by K-means with grey dashed lines representing the
misclustering rates for the traditional PCA estimator V; (c) Running time (in seconds) under
different settings (including computing f)jyj/). For the traditional PCA, the running time is 0.43
seconds at d = 500, 3.77 seconds at d = 1000 and 32.62 seconds at d = 2000; (d) Empirical coverage
probability (1— Type I error); (e) Power of the test; (f) Q-Q plot for d; at Lp/d € {0.2,10}.

distributed setting m = 10, and set the dimension at d € {500, 1000, 2000} respectively, and
set # = 0.4 and o = 8/d for each setting. Then we generate the entry-wise noise by &;; b
N(0,0?) for i < j, and subsample non-zero entries of M with probability § = 0.4. Under
each setting, we perform FADT at p = p' = 12, ¢ = 7 and Lp/d € {0.2,0.6,0.9,1,1.2,2,5,10}
for the computation of VF. Define v = 3, /*(VF — VHT)Te; with £, being the asymptotic

covariance for VFTe; defined in Corollary A.4 and H = sgn(VFTV), and empirically

calculate the coverage probability, i.e., P(||[V[|3 < x3(0.95)). Similar as in Section B.1, for
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the regime Lp < d, we refer to Theorem 4.8 and calculate f]l by
3, = L2BLO diag ([M3,(1 — 0)/6 + 5%/6]%_,) QBaq.

Results over 300 Monte Carlo simulations are provided in Figure 6. Figure 6(a) illustrates
that the error rate of FADI is almost the same as the traditional PCA as Lp/d gets larger,
and Figure 6(b) shows that the computational efficiency of FADI greatly outperforms the
traditional PCA for large dimension d. We can observe from Figure 6(c) that the confidence
interval performs poorly at Lp/d < 1 with the coverage probability equal to 1, which is
consistent with the theoretical conditions in Corollary A.4 for distributional convergence.
Figure 6(d) shows the good Gaussian approximation of FADI at Lp/d = 10, and the results

at Lp/d = 0.2 is consistent with Figure 6(c).

B.3 Additional Results for Example 1 in the Genetic Setting

Section 5.1 compares FADI with several existing methods under a relatively large eigengap.
In practice, the eigengap of the population covariance matrix may not be large. To assess
different methods in a more realistic scenario, we imitate the setting of the 1000 Genomes
Data, where we take the number of spikes K = 20, 02 = 0.4 and the eigengap to be A = 0.2.

We generate the data by { X}, BV N(0,3), where
> = diag(2.4,1.2,06,...,0.6,0.4...,0.4).
K=2

The dimension is d = 2504 and the sample size is n = 160, 000. Error rates and running
times using different algorithms are compared under different number of splits m for the

sample size n. For FADI, we take L =75, p=p' =40 and ¢ = 7.

12



(a) Error Rate (b) Running Time

3
/’
1251 o
[} 2 /,
£ 100 E L7
o~ o0 /)’
1<) g ’ ,
=1 1 g o
s 0.75 5 N ,'.: //,
¥ | /" ______ A
050 /o JESUS
YA T
:—0::-—4/.//.
O.
025+ ] ! . | ! . ] . !
00 25 50 75 100 00 25 50 75 10.0
Lp/d Lp/d
(c) Coverage Probability (d) Q-Q Plot
1.0- P
21 . i
£ z s
e o
~ 09 = 0
© 0.9 = .
& g
5] =
2 =t
© 35 Lp/d
5 £ o
-2 08+ g " 0.2
2
£ - 10
T
00 25 50 75 100 3 2 10 1 2 3
Lp/d Standard Normal Quantiles

Figure 6: Performance of FADI under different settings for Example 4. (a) Empirical error rates
of D(VF, V) with traditional PCA error rates as the reference; (b) Running time (in seconds)
under different settings (including the computational time of f)l) For the traditional PCA, the
running time is 0.42 seconds at d = 500, 3.48 seconds at d = 1000 and 30.62 seconds at d = 2000;
(c) Empirical coverage probability; (d) Q-Q plot for v; at Lp/d = 10.

Table 7 shows that the number of sample splits m has little impact on the error rate of
FADI as expected, while the error rate of Fan et al. (2019)’s distributed PCA increases as
m increases. FADI is much faster than the other two methods in all the practical settings
when the eigengap is small. This suggests that in practical problems where the sample
size is large and the eigengap is small, FADI not only enjoys much higher computational
efficiency compared to the existing methods, but also gives stable estimation for different
sample splits along the sample size n. Although the settings of small eigengap are of major
interest in this section, we still conduct simulations where the eigengap increases gradually

to see how it affects the performance of FADI. Table 8 shows that as the eigengap gets
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larger, the error rate of FADI gets closer to that of the traditional full sample PCA, whereas
the error rate ratio of distributed PCA to FADI gets below 1, but are still above 0.9 when
the eigengap is larger than 1. As to the running time, FADI outperforms the other two
methods in all the settings. In summary, when the eigengap grows larger, the performance

of the three algorithms becomes similar to what we see in Section 5.1.

FADI Traditional PCA Distributed PCA | m

Error Rate 2.296 1.811 (0.79) 2.629 (1.15) 10
2.294 1.811 (0.79) 3.412 (1.49) 20

2.204 1811 (0.79) 3.955 (1.72) | 40

2.294 1.811 (0.79) 4.215 (1.84) 80

Running Time 5.76 983.86 (170.8) 189.76 (32.9) 10
3.82 992.09 (259.8) 144.18 (37.8) 20

2.86 972.47 (339.5) 119.29 (41.6) 40

237 968.43 (408.5) 99.39 (41.9) | 80

Table 7: Comparison of the error rates and running times (in seconds) among FADI, full sample
PCA and distributed PCA (Fan et al., 2019), using different numbers of sample splits m in the
genetic setting. Values in the parentheses represent the error rate ratios or the computational
time ratios of each method with respect to FADI.

FADI Traditional PCA Distributed PCA | Eigengap
Error Rate 1.28 1.06 (0.82) 1.57 (1.22) 0.4
0.77 0.65 (0.85) 0.71 (0.92) 0.8
0.48 0.42 (0.88) 0.43 (0.90) 1.6
0.31 0.29 (0.92) 0.29 (0.93) 3.2
Running Time 2.76 925.15 (334.7) 115.29 (41.7) 0.4
2.77 916.52 (331.4) 114.76 (41.5) 0.8
2.69 922.85 (342.7) 114.75 (42.6) 1.6
277 919.20 (332.2)  115.26 (41.7) 3.2

Table 8: Comparison of the error rates and running times (in seconds) among FADI, full sample
PCA and distributed PCA (Fan et al., 2019) for different eigengaps A in the genetic setting.
The number of sample splits m is 40 for FADI and distributed PCA. The settings of the other
parameters are the same as those in Table 7.
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C Additional Application to the 1000 Genomes Data:

Inference on Ancestry Membership Profiles

In this section, we consider the application of FADI to the 1000 Genomes Data for inferential
analysis under the model specified by Example 3. We use the same pruned data described
in Section 6, and generate an undirected graph from the 1000 Genomes Data.

To increase the randomness for better fitting of the model setting in Example 3, we
sample 1000 out of the total 168047 variants for generating the graph. More specifically,
we treat each subject as a node, and for each given pair of subjects (i,j), we define a
genetic similarity score s;; = 21160:010 [{x; = z;i}, where x;, refers to the genotype of the
k-th variant for subject . We denote by s*% the 0.95 quantile of {s;;};<;. Subjects ¢ and

% Denote by A the adjacency matrix (allowing

j are connected if and only if s;; > s
no self-loops). We include only four super populations: AFR, EAS, EUR and SAS, with
2058 subjects in total. We are interested in testing whether two given subjects ¢ and j
belong to the same super population, i.e., Hy: V; =V, vs. Hy : V; # V,. We divide the
adjacency matrix equally into m = 10 splits, and perform FADI with p = 50, p’ = 50, ¢ = 3
and L = 1000. The rank estimator from FADI is K = 4 by setting j1o = (5/p)1/2d10g d/12,
where 8 is the average degree estimator defined in Section 3.3. We can see the estimated
rank is consistent with the number of super populations. We apply K-means clustering to
the FADI estimator {7%, and calculate the misclustering rate by treating the self-reported
ancestry group as the ground truth. The misclustering rate of FADI is 0.135, with compu-
tation time of 3.7 seconds. In comparison, the misclustering rate for the traditional PCA

method is 0.134 with computation time of 26.5 seconds, and the correlation between the

top four PCs for the traditional PCA and FADI are 0.997, 0.994, 0.994 and 0.996 respectively.
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To conduct pairwise inference on the ancestry membership profiles, we preselect 16
subjects, with 4 subjects from each super population. We apply Bonferroni correction to
correct for the multiple comparison issue and set the level at 0.05 x (126)71 =4.17x107% We
estimate the asymptotic covariance matrix by Corollary A.3 and correct M by setting entries
larger than 1 to 1 and entries smaller than 0 to 0. The pairwise p-values are summarized in
Figure 7. The computational time for computing the covariance matrix is 0.31 seconds. We
can see that most of the comparison results are consistent with the true ancestry groups,
while the inconsistency could be due to the mixed memberships of certain subjects and the

unaccounted sub-population structures.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1.0000 0.1290 0.5478 0.0169 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.1290 1.0000 0.8137 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.5478 0.8137 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0169 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 1.0000 0.2621 0.1150 0.0129 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.2621 1.0000 0.7227 0.0158 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.1150 0.7227 1.0000 0.0385 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0129 0.0158 0.0385 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000 0.2774 0.0067 0.0102 0.0000 0.0000 0.0000 0.0000

10 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.2774 1.0000 0.0130 0.0253 0.0000 0.0000 0.0000 0.0000
11 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0067 0.0130 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000
12 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0102 0.0253 0.0000 1.0000 0.0000 0.0000 0.0000 0.0000
13 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000 0.0855 0.0194 0.0014
14 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0855 1.0000 0.5623 0.0000
15 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0194 0.5623 1.0000 0.0000
16 0.0000_0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0014 0.0000 0.0000 1.0000
Node Degrees 31 11 26 52 376 377 367 391 90 77 123 48 38 20 20 80

o Co NN R W~

| | AFR | | EAS | | EUR | | sas

Figure 7: p-values for pairwise _comparison among 16 preselected subjects. For subjects pair (i,7),
p-value is defined as IP’(X% > HdH%), where X% is Chi-squared distribution with degrees of freedom

equal to K,and d = f); jl/ QV%(ei — e;) with fJ” being the asymptotic covariance matrix defined
in Section B.1.

D Proof of Main Theoretical Results

In this section we provide proofs of the theoretical results in Section 4. For the inferential

results, we will present proofs of the theorems under the regime Lp < d first, which takes
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into consideration the extra variability caused by the fast sketching, and then give proofs of

the theorems under the regime Lp > d where the fast sketching randomness is negligible.

D.1 Unbiasedness of Fast Sketching With Respect to M

We show by the following Lemma D.1 that the fast sketching is unbiased with respect to M

under proper conditions.

Lemma D.1. Let vd]A\d\Af; be the eigen-decomposition of M, and let V = (Vi,...,VEg)
be the stacked K leading eigenvectors ofﬁ corresponding to the eigenvalues with largest
magnitudes. When | — VV ||y < 1/2, we have that Col(V') = Col(V), where Col(-)

denotes the column space of the matriz.

Proof. We will first show that V] X'V is diagonal. For any j € [d], we let D; =I;—2eje;,
and recall we denote the eigen-decomposition of M by M = \A/dfxd\?';. Then conditional on

M we have

VD,V IYOYOTV,D,9T = VD,V V.AVTQ000TV,A,V]V.D,V]

= Vaho(D,V;QO)(QOTV,D)AV] £ VAV QOQOTVANV] = YOYOT,

where the second equality is due to the fact that diagonal matrices are commutative, and
the last but one equivalence in distribution is due to the fact that Djvgﬂ(@ 4 \A/JQ(K).
Also we know the top K eigenvectors of fdej{\/J?(f)?(@T\Adej\Aq are \A/'dDj\A/g\Af(Z), and

4

thus \A/'dDj\A/J\A/“) V©®_ Hence we have
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The above equation holds for any j € [d], which suggests that VJE <V(€)V(Z)T|M\) V.
is diagonal and that ¥’ and M share the same set of eigenvectors.
Now under the condition that HE’ — \Af\AfTH < 1/2, for any j € [K], we denote by V;
2

the j-th column of i\/', and we have

112!
2 2

129, = H (2' I VATARNE V\?T) v, ;

zl—HE’—\Af\AfT
2

In other words, the corresponding eigenvalue of ¥; in 3’ is larger than 1/2. On the other
hand, by Weyl’s inequality (Franklin, 2012), the rest of the d — K eigenvalues of ¥ should
be less than 1/2. Therefore, V are still the leading K eigenvectors for 3’ and thus

Col(V') = Col(V). O

Recall in Section 4 we discuss that the bias term has the following decomposition
D(V', V) < D(V,V) +D(V', V). Lemma D.1 shows that as long as ¥’ and VV T are not
too far apart, V' and V will share the same column space. In fact, Lemma D.4 in Section D.2
will show that the probability that 3’ and VVT are not sufficiently close converges to 0,
and D(V', V) = D({/’, V) with high probability. With the help of Lemma D.1, we present

the proof of the main error bound results in the following section.

D.2 Proof of Theorem 4.1

Recall the problem setting in Section 2. It is not hard to see that we can write A = PyA°,
where A = diag(|\1], ..., |Ak|) and Py = diag ([sgn(Ar)]E ;). Then M = (VP,)A’V T is
the SVD of M.

We begin with bounding (EH{/VT - VVTH%>1/2. Before delving into the detailed

proof, the following two lemmas provide some important properties of the random Gaussian
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matrix.

Lemma D.2. Let Q € R™? be a random matriz with i.i.d. standard Gaussian entries,
where p < d. For a random variable, recall that we define the 11 norm to be || - ||y, =

sup,>1 (E| - [P)}/? /p. Then we have the following bound on the v norm of the matriz €2/ \/p:

1182/ Vollzlle < Va/p. (D.23)

Lemma D.3. Let Q € RE*P denote a random matriz with i.i.d. Gaussian entries, where
p > 2K. For any integer a such that 1 < a < (p— K + 1)/2, there exists a constant C' > 0

such that

E ((omin($2/y/p))"") < C°. (D.24)

The following lemma shows that |’ — VVT[j, and %' — VVT||; are bounded by a

small constant with high probability.

Lemma D.4. If Assumption 1 holds and p > max(2K, K + 3), there exists a constant

co > 0 such that for any € > 0, we have

max {]P’(HE’ —VVT ||, > 5),]1» (Hzf S ATAN S g>} < exp (_CO\/grﬁZ)> .

The proof of Lemma D.2, Lemma D.3 and Lemma D.4 are deferred to Supplementary

Materials E. Now we can start with the proof. We first decompose the bias term into two
parts,

(EIDV.V)P) R (EDV. V)P) 7 (]E|D(V’,V)|2)1/2. (D.25)

. S \a J
~~

~
I II

Term I can be regarded as the variance term, whereas term II is the bias term. We will

consider the bias term first.
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D.2.1 Control of the Bias Term

We can see that term II can be further decomposed into two terms

o~ 1/2 . 1/2
(EDV, V)" < (IEHV’V’T - VVTH%) + <1E,||VVT - VVW%) . (D.26)
We can bound both terms separately. First note that |[V'V'T — VVT | < V2K | V'V'T —

{\f{\/T||2 < V2K. Thus we have,

1/2

~ o~ 1/2 ~ o~ ~ A~
(EIVVT-VVTI) " < (BIVVT = VVTRI{||S - VYT, > 1/2})
N N 1/2
+ (BIV'VT - VTR - YV, < 1/2})

_ 12 A
<0+ VE <IP’ (||z/ VT, > 1/2)) < VK exp <_C4_0\/§m(d>> ,

where the last but one inequality follows from Lemma D.1, and the last inequality is a result
of Lemma D.4. As for the second term on the RHS of (D.26), by Davis-Kahan’s Theorem

(Yu et al., 2015), we have

N 12 K —~ 12 K 1/2
T T2 < Y o 2 _ Y 2
(BIVYT = vVT2) " s Y (BIM - M3) = * (BIES)
VE VE
< T”HEHQHM S Trl(d)'

Therefore, the bound for the bias term is

co [p A \/?
HS\/EGX]Z)<—— c_irl(d)>+ A7"1(d).

W
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D.2.2 Control of the Variance Term

Now we move on to control the variance term. Suppose that ||E’ — VVTH2 < 1/4. Then by
Weyl’s inequality (Franklin, 2012) we have that o (X') > 1—-1/4 = 3/4 and 011 (X') < 1/4.

Thus by Davis-Kahan theorem (Yu et al., 2015)

1/2
E(IVVT-VVTRI{]|S - VVT||, < 1/4}))

/ 1/2
<E< ’2 ﬂf@')fﬂ{“g_wwz<1/4}>)
<

(B(I15 - =3[z - vV, < 1/4}))1/2 < (BRI - z:’||%>1/2

111

/N

We will bound term III later. Also similar as previously, note that |[VV =V/V'T||p < V2K.

Thus by Lemma D .4,

(e (vvvvri{ie - vl > 1)) s vE (e (I - w2 1))
< \/_exp< 8\/37“1%))'

Therefore, we have

- 1/2 A _ 1/2
(E||VVT—V’V’T||%) <VEexp (-2 P 2 )y (EHZ} - 2’||§) .
8 drl(d) R

-~ e
II1
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Now we move on to bound term III.

. 9\ 1/2
<E||i - 2’||§)1/2 _[e|d Y VOVOT _E (V<1>V<1>T|M)
L /=1 F
1t A 2| 1/2
= (E (E<HZZV(€)V(€)T -k (V(I)V(I)T|M> M)))
/=1 F

R 9\ 1/2 1 1/2
O~x7(OT T T , 2)
<— (IEHV VOT _vv HF s (E[vvT-=|3) "

where the last but one equality is due to the independence of estimators from different

sketches conditional on M. By Jensen’s inequality (Jensen, 1906), we have

1/2
(B|[VVT - 2’||§)1/2 < (]E |veover - VVTH2> |
F

L b
VL VL

Thus we have

- 1/2 1 o~ 2\ 1/2
(Euz . 2’]@) S (IE HV“)V“)T - VVTH ) , (D.27)
F

Before bounding the RHS, let’s consider the matrix Y® := VPoA'VTQO. If QO =
VOO € RE*P does not have full row rank, then the entries will be restricted to a linear
space with dimension less than K X p. Since Q0 is a K x p standard Gaussian matrix,
the probability that Q® has full row rank is 1. And thus with probability 1, the matrix
Y® is of rank K, and V and the top K left singular vectors of Y“)/\/]_) span the same
column space. In other words, if we let F%) be the left singular vectors of Y/ /D, then
roridT — vy,

Now consider the K-th singular value of Y®*)/ /D, we let UﬁDﬁVfIz be the SVD of
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©)/\/p, and we have

oic (YO /) = oxc (VoA /@) = o (A°UgDg)

= min [|[A’UgDgz|> > O min (Q(Z /\/_)

[lzll2=1

(Z) Omin (ﬁ“)/\/_> min HAO'02||2 > ACmin (Q“ /\/_>

[[vz]l2=1

min [|A"Uqu ],
lvill2=

where v; = Dgx/||Dgx|2, and v, = Ugwv;. Inequality (i) follows because

[Dgzlls 2 uin (2O/VF) 22 = on (/D)

and inequality (ii) is because ||va||2 = [|v1]]2 = 1.
Now by Wedin’s Theorem (Wedin, 1972) we have the following bound on the RHS of

(D.27),

12 1/2

e ) S (-] )

< AVL (E H?(f)/\/g‘)_ YO/ /5 z) 1/4 <E (amin(ﬁ(‘f)/\/ﬁ)>_4> 1/4

. VK 0 Kd Kd
\/—HHEH 2l - 12O/ v/Bllallen S A2pLHHEHgle S N—me(d),

where the last but one inequality is due to Lemma D.3. Therefore, we have the final error

rate for the estimator V:

(BIVVT - Vvug)”2 < VE exp ( . \/5 A ) CYE B

dri(d) A A?pL
—_———
blas variance
Now consider the function g(z) := exp(aqg \/_ x ), where ag > 0 is a fixed constant.
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We have

dng(x):ao\/E—g>o, forxzz ‘.
dx d x Gwoyr

Thus g(z) is increasing on x > 24/d/p/ap, and if we take x > C’\/glogd for some large
enough constant C' > 0, we have that g(z) > 1. Then by plugging in x = A/r(d) and
taking ap = /8, under the condition that (logd)™*\/p/dA/ri(d) > C for some large

enough constant C' > 0, we have that

o (i) =5 (57 - ()

and the error rate simplifies to

VK Kd
T (d) + Az—pLTl (d) .

N—_——
bias e

variance

(EIVVT - vV ) S

~ - 1/2
Now we move on to bound (IEZHVFVFT - VVTH%> . Sincel| - |3 is convex, by Jensen’s
inequality (Jensen, 1906), under the condition that p > max(2K,8q + K — 1) we have that

there exists some constant n such that

L
E|S-VVT|3 <~ ZEH\?“)\?“)T ~VVT3 = E[VOVOT vy
f:

SE(W "/ (3o (@1,7))")

< (Bl ral]) (o (0) )

2q
d
< 20 —1IE .
N<nq a7yl ||2le)
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Thus by Markov’s inequality, we also have

_ 1 _ 1 _
P(IE- vVl 2 3) =P (12~ VVTIE 2 5 ) < 2E(IE - VVTIE)

22
2q

< 2 d

< | 2ng A—QpllllEllﬂlw :

Since 3 is the summation of positive semi-definite matrices by construction, > is also positive
semi-definite. By Weyl’s inequality (Franklin, 2012), we know that o5 (2) > 1—[[£=VV T,
and ox1(2) < | = VVT,.

Now if we denote the SVD of 3¢ by \N/Z/NX%(\N/T + \N/—L‘/NX‘i\NfL then with probability 1,
{UK‘}({/TQF and V share the same column space. By the relationship oy,(34) = og(i) for

k € [d] and Davis-Kahan’s Theorem (Yu et al., 2015), we have

E (||\7F\7FT _VVT2 |§) <E (K||§mF ~VALVTQF|2/02. (VALVT Q) |i)

VE 2
< ( g [ VAALVI ||||QF/¢H||2||¢1>

Ok
Kd  |E=VVT|}

V(1= 18- vvTR)

<

~Y

2q°
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Therefore we have,

~ o~ o~ 1/2 ~ ~~ ~ 1/2
(BIVEVIT = VVTI) 7 < (BIVEVET - VYT RIS - vV < 1/2})

U -~ _ 1/2
n (1E||VFVFT VT RIS - VV T, > 1/2})

Kd [ ~ 1/2 - 1\
<20, | = (Euz—vvwgq) +\/K{IP’ (Hz—vvwzi)}
p

q q
Kd , | d = o [ d
S % (2779 A—QPHHEMM) + VK (277‘1 AQPHHEH?H%)

q
Kd d
S 7(277612 A—%HHEHszl),

where the last but one inequality is by Markov’s inequality, i.e.,

2q
~ 1 ~ d
P (uz - VYT > 5) < 2YE||IE - VT3 S (W A—ZPHHEHsz1> .

Thus by previous results and triangle inequality we have

(E\D VF,V)P)W < (EWFVFT SVVTR) T (VT - vvT)
—7"1 “ AQpL (7761 \/ _Tl(d> .

D.3 Proof of Corollary 4.2 and Corollary A.1

The case-specific error rates can be calculated by computing r;(d) and studying the proper
value of ¢ for each example.

e Example 1: we know that E = £ — ¥ + (62 — 52)L. Now consider the K’ x K’
submatrix of ¥ corresponding to the the index set S, which we denote by 3¢ = X5 . We

have Xg = oI + <V>[S,:]A(V)R—g7:]7 where (V)(g,] is the submatrix of V' composed of the
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rows in S. Then since (V);g, ]A(V) | = 0 and rank ((V)[57:}A(V)[ ]) < K, we know that
Omin(Bs) = 0. By Weyl’s inequality (Franklin, 2012), we know |02 — 52| < His — sl <
|2 — |5. Thus we have ||E|js < |& — 3|3 + 0% — 52| < 2||E — £||5. Then by Lemma 3
in Fan et al. (2019), we have that there exists some constant ¢ > 1 such that for any ¢ > 0,

we have

t

2¢(A + 02)\/7’/_71)’

P([E[l; > t) <P2[Z - 2> > #) < exp(—

where r = tr(X)/|| 2|2 is the effective rank of ¥. Thus we can see that ||E|y is sub-

exponential with

- r
Elallor < IS = Shalle S O+ %y

and hence we can take r1(d) = (A +0*),/Z. When n > C(dr/p)~3(log d)*, by Theorem 4.1

(E\D(VF \/ﬁ—i—/ﬁ\/ﬂ \/7<77q nlﬁ>>

where the third term will be dominated by the first bias term when taking ¢ = logd, and

we have

hence (3) holds.
e Example 2: From the problem setting we know that we can represent W as W; =
S Hk; = k}6y + Z;, where Z; S N(0,1,), j € [d]. Denote Z = (Z,...,Z,), then it

can be seen that E(X'X) = E(X)"E(X) + E(Z'Z) = FOTOF" + nl,, and we can write

E=X'X-EX'X)=FO'Z+Z"OF" +Z'Z —nl,,

then we know that |E||y < 2|FOTZ||y+n||Z"Z/n —14||2. We consider [|[FOTZ|, first. We
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know that Z := @ Z =0 (Z,,..., Zy) = (Z1, ..., Z,) € RE*4 where Z; ~' N(0,070).
Under the given conditions we know that ||@TO||, < AZ. Since (©TO)2Z is a K x d

i.i.d. Gaussian matrix, by Lemma D.2, we have that

< AoVd.

~Y

Zlllv, < 1(©T)[][[(©T ) *Z]|,,

As for |ZTZ/n — 14)|a, when n > d, by Lemma 3 in Fan et al. (2019) we know that

IZTZ/n —14|2lly, < +v/d/n, and hence in summary we have
HElzll S VEl2INZll2llv, + nlIZTZ/0 = Tall2lsy S Dod/VE +Vnd,

and we can take r(d) = Agd/vVK +v/nd. We know that A = 0, (FOTOFT) > dA2/K,
and thus under the condition that A2 > C'K (log d)* (d(logd /pV /1 > for some large

enough constant C' > 0, by Theorem 4.1 we have that

_ 2 (K K [En i (K K [Kn
F 2 < _ _
(B V)P) <A0+A2 )ﬂ/ oL <AO+A§ d )
[ d q

Now for the third term to be dominated by the bias term, we can take

log (4/o) ., Jos (d/ Vo)

q=logd > >
loglogd A
og log log (ﬁrl(d»

+ 1,

and hence (4) holds.

Remark 13. In fact we can derive a slightly sharper tail bound for the convergence rate of

|E|l2. More specifically, for any ¢ > Agv/d, by Lemma 3 in Fan et al. (2019) there exists
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some constant ¢ > 1 such that

P(|Z|jy > t) = P(|ZZ" ||y > t*) = P(d||ZZ" Jd - ©"© + ©' 0|, > 1?)

<P(d|ZZ jd- OO, > — d|©7O),) < P(|ZZT /d—©TO|, > 12/d— A2)
t?/d — A? )

cA%\/K/d

Sexp<—

< A¢V/d with probability at least 1 — d~'°. Hence under the

Y

which indicates that ||Z]|s
condition that y/K/dlogd = O(1), with probability at least 1 — O(d~1°) we have that

IE|2 < dA¢/VEK + vdnlogd, which will be used as the statistical rate of |E||; in later

Y

proofs.

e Example 3: Under the problem settings we know that E = M - M =X — EX. For

the eigenvalues of M, under the given conditions we know that
ox(M) 2 0ok (P)og (1) 2 dO/K,  o1(M) S 001(P)oi(IT) < KdO|I1|3, < Kdb,
where the last inequality is because for i € [d], we have that

Il = (Ym0 < (Y m(k)? =1 and [|[T]se < 1.

k=1 k=1

Thus we know that A 2 df/K.

We then bound the entries of M. We know M,; = 6;6; S0 7% 7w;(k)7; (K )Py, and
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thus we have that

K K
> 0.0 ) (F i ,
5 2 0.0, > mi(k)m; () min(P.)

M
k=1 k'=1
K K
= 9 0 IIllIl Pkk’ Z Z 7'l'z 71'] ) = 9 9 m1H<Pkk/)
k=1 k'=1
K K
K K
= (9 6 max Pkk’ kz Z = 0 8 H]%gX(Pkk/)

Thus we can see that M;; < 0, max; E(Ef;) < 0 and max; Y, E(E?) S df. By Theorem
3.1.4 in Chen et al. (2021), we know that there exists some constant ¢ > 0 such that for any
t >0,

P{||E|ly > 4Vdf + t} < dexp (—t?/c) .

Also, since for t > 5v/df, there exists a constant ¢ > 0 such that P(||E|s > ) <
exp(—t?/c), we have that [||E|2|l4, < Vdf, and hence we can take r1(d) = Vdf. Be-

sides, v/p/dA/ri(d) = v/pO/K > d/?, and hence by Theorem 4.1 we have

~ 1/2 K K Kd K \?
E|D(VE V)2 <K\ —+ K| — — i
(BIDVEVIP) < Viao ="\ o T\ W <”q N

log (\/W\/@/K)
log( p/d\/@/@

When

g=logd> 1421 >

Y

the third term is negligible and (A.16) holds.

Remark 14. It’s worth noting that here in Example 3 ||E||; converges faster than sub-
Exponential random variables and |E|» < v/df with probability at least 1 — d~1°, which

we will take into account in later proofs.
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Remark 15. Under the case where no self-loops are present, E is replaced by E' = E —

diag(X) = E — diag(E) — diag(M). With similar arguments we can show that
HEally, < NE = diag(E)|2l, + [ diag(M)[|2 S Vo + 6 S vVdo,

and |[E'[l; $ ||E — diag(E)||2 + || diag(M)||> < Vd8 +6 < Vdd,

with probability at least 1 — d~1°, and hence (A.16) also holds for the no-self-loops case.

e Example 4: We define £ = [g;], then M = (1/«/9\)735(1\/[ + &), where Ps is the
projection onto the subspace of matrices with non-zero entries only in S. Since M and
M = (§/e)ﬁ = (1/0)Ps(M + &) differ only by a positive factor, M and M’ share exactly
the same sequence of eigenvectors and V¥ can be viewed as the output by applying FADI to
M'. Thus we will establish the results for M’ instead, and abuse the notation by denoting
E := M — M. We first study the order of M| max, Where |[|[M||pax = max; ; |M;;| denotes
the matrix max norm. When ||V|g, < /pK/d for some rate > 1 (that may change

with d), for any i, j € [d], we have that

(MK
M| = lef VA(e; V)T < [[Allzlle] Vallej V2 < [M[[ V[0 < T

Thus we have | M|/max = O(| M|k /d). Also, we can write E = E; + E,, where (Eq);; =

M,;(6;; — 0)/8, (Eg)i; = £4;0,;/6, and for i < j

Var ((E1)y;) = M2 (1= 6)/6 < [M]2,./6 = o(%), Var ((Es)i;) = 02/6.

max

It is not hard to see that Cov((Ey);j, (E2);;) = 0. Also, by the setting of Example 4 we have

that |(E1)ij]| < [[M|lmax/0 = O(%), and there exists a constant C' > 0 independent of d
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such that |(Eg);;| < Cologd/f for all i < j. Then we will study ||E;||2 and | Es||2 separately.
We denote v; = d||M]||?,,../0 and vy = do?/0. Under the condition that § > d~'/?*¢ for some
constant € > 0, by Theorem 3.1.4 in Chen et al. (2021), there exists constant ¢ > 0 such

that for any ¢ > 4 we have

E
p<_‘|2\/1y’_‘12 > 1) <P(|Ball/v/7 > 4+ 1) = B([Bulls > 47 + 1y/57)
PdM, 0
clM[3ax /67
2
o < ot

< dexp ( ) = exp(—dft*/c + log d)

Very similarly for ||Eg||2, there exists ¢ > 0 such that for any ¢ > 4, we have

HE2H2 t2da2/0
P(Q\/V_Q t) —P(H 2ll2 2 4/ tVV?) < de p( C/UQ(IOgd)2/92>

dot? dot?
— _ < ) <exp(—12).
P ( (log d)? +log d) =P ( 2¢/(log d)2> < exp(=t')

Thus we can see that
MK do?
HIEl2lly, < [Ellelly + [E2ll2lle S v+ Ve S % 5

By Theorem 4.1, under the condition that p = Q(v/d), o/A < (logd)~2d~'/pf and

ropl < dY/*, it holds that

~ 1/2 Ko KK do? d [ kopuK do?
EID(VE, V)]2) < VK[ =2 Ky —
( | ( ) )|2> ~ ( \/@ + A29>+ pL( \/@ + AQQ

q
Kd o [ KopK d?o?
VY (nq (x/ﬁ T\ pa%

Furthermore, the third term vanishes when ¢ = logd and (A.17) holds.
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Remark 16. Here we can also obtain a statistical rate sharper than subexponential rate

for ||E||2 that would be used in later proofs. Combining the above results for any ¢ >

16 max(y/v1, /v2) we have

dot* dot*
P(||Ells > t) <P(||Eill2 > ¢/2) + P([|Eql2 > /2) < exp(—32cyl> +exp (——326,(10gd)zy2)

P Ol MRk ) P\™ Gyllogd)2o?)’

|A1[pK

where C1,Cy > 0 are constants. Thus [|E|s < N

+ % with probability at least

1—d .

D.4 Proof of Theorem 4.3

We first bound the recovery probability of K® for each ¢ € [L]. Recall that Y/ NI
VAQO/ /p+EQO/, /p, where QO = VTQO,

For the residual term EQ/,/p, by Lemma 3 in Fan et al. (2019), under the condition
that \/p/dlogd = o(1), with probability at least 1 — d~** we have || Q©/ /p|l» < 2\/%
Denote by Ag the event {||E[|s < 10c;'r1(d)logd}, where ¢, > 0 is the constant defined in
Remark 2. Then conditional on Ag, we have that |[EQ /,/p||s < 20(26_1\/%T1(d> log d with
probability at least 1 — d ™'Y for each ¢ € [L]. Recall ny = 4800g1\/AI2pr1(d) logd. From

Proposition 10.4 in Halko et al. (2011), we know that when p > 2K,

p—K+1

\/%)Sno ?

p—K+1
ep

P (o (@/15) < §vi) <P (n(@0/5) <

Therefore, with probability at least 1 — nP~*)/2

Y

Omin (VAR /D) 2 Aowin (2 /\/B) > A/i1o/6 = 2u0.
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By Weyl’s inequality (Franklin, 2012), we know that conditional on Ag, with probability

at least 1 —d =1, O’K+1(?(£)/\/ﬁ) < |EQW/ /B2 < 20(36_1\/%7”1(60 = Anp/24 < g for large

enough d, which indicates that oy,,1(Y ) — op(YW) < \/puo for any k > K. For k < K —1,

under the same event we have

A~

711 (YD) = 0, (YD) > 01 (YO) = 0, (YD) > 000 (VAQY) — 2 EQO)

> VBAVIT/6 — Ano/12) > VB(AYI/6 — AviT/12) = AVBT/12 > v/,

Then we have

P (RO = K | As) > P (ul¥) = 0,(7) > V. axc@) — L) < Vi | 4s)
> P (0 (VAR /5) > Ayin/6, [EQY/ Vil < An/24 | Ag)

p—K+1
1 _ d*lo _ ,'70 2

We know that conditional on E, I{K® # K | Ag} are i.i.d. Bernoulli variables with
poK41

expectation px :=P(K® £ K | Ag) < d~1° + 77 2 < 1/4 and variance pg (1 — px) < pk.

Since the estimators {I? 1L are all integers, we know that if K # K, at least half of

{[A( O1L  are not equal to K. Then by Hoeffding’s inequality, we have

IP’(}A(#K)S]P’(ZZIH{[A{“)%K} oiL> ) <<Z]I{ } pKng‘E)>
P(Ag) exp {—(L/4)%/(2Lpk)} + 1 — P(Ag)

Sexp{ L/(32d~ 10+3277 2+)}+O(d 0.

We know that 32d~'° < (logd)~! for d > 2, and under the condition that 7y < (32logd)™ »~ i

we have ]P’(IA( # K) < exp(—Llogd/2) + O(d~1°) < d-(F120)/2,
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D.5 Proof of Corollary 4.4 and Corollary A.2

e Example 1: From the proof of Corollary 4.2 we know that we can take ri(d) =
(A + 02)\/5 logd. Then by plugging in each term we know that under the condition that
(M + 0?) (d(np)~?log d) A = o(1) and A > (072(np)~"/*dlog d) 8 e have Any/24 <
fto < Ay/Mo/12. Besides, under the condition that ry+/dr/(np)(logd)? = o(1), we also
have ng < (32logd)™ »=%71. Thus the conditions for Theorem 4.3 are satisfied and we have
K = K with probaility at least 1 — O(d~£A20)/2),
e Example 2: We know from the proof of Corollary 4.2 and Remark 13 that A > dAZ/K
and |E|lz < dAy/VK + Vdnlogd with probability at least 1 — d~'°. Thus we have
d/(A2p) (dA/VE + Vdnlog d). Under the condition that VK (logd)? (n/p)/* <
Ay < \/nK/dlogd, we know that dA¢/vK + Vdnlogd < Vdnlogd, Any < dv/n/plogd
and /mglogd = o(1), and thus Any/24 < po < Ay/1y/12. By Theorem 4.3 the claim
follows.
e Example 3: We know from the proof of Corollary A.1 that A 2 df/K. Also from
Remark 14 we know that ||E||; < v/df with probability at least 1 — d—'°, and thus we have
= /d/(A2p)VdO < K//pf < 1/\/d=12p, Ang < d\/0/p and A /g = d9>/*p~VAK—1/2,
Also recall from the proof of Corollary A.1 that E(MU) = M,;; < 0 for any i, j € [d], and

hence d72 >, M;; =< 6. By Hoeflding’s inequality (Hoeffding, 1994), we have that

1<j

(o 2

Thus we can see with probability at least 1 —O(d~1), | — d 2 > i Ml S V%4 and 0 =6,

2 My -3 My 2

i<j

—11d(d — 1)logd/d*) < d~"°.

\/1110gd>
VEOBD) < exp (

and in turn Any/24 < g < Ay/n9/12. Thus by Theorem 4.3 the claim follows.

e Example 4: By Hoeffding’s inequality (Hoeffding, 1994), with probability at least 1 —d~'°
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we have that |§— 9|/§§ C+/logd/df. As for 52, we have

o X0 (S e 3 hes - 3

(3,9)€S 1<j (4,9)€S (4,5)€S
We consider the latter two terms first. We know that |e;;| < Cologd for some constant

C > 0 and |M;;| < [\ |pK/d, for any i < j. Denote by ¢ = (|A\|uK/d) V o, then we have

A1 [
d

Var(M;je;5) < ( Yo <ot |Myjey] <

— Y

M| pK -
| 1|dM Cologd < Co%logd, Vi< j,

and
Var(e? ) < C*o*(logd)* < C*G*(log d)*, |€ | < C%0*(logd)* < C*G*(logd)?, Vi < j.

Thus by Bernstein inequality (Bernstein, 1924), conditional on S, with probability at least

1 — 2d'° we have that there exists a constant ¢’ > 0 independent of S such that

~2 ~2 2
Z Mye,| < O a*y/log d 40 (log d) | (D.28)
VIS S

(4,7)ES

and

1 72(1 512 F2(] 3
1N | o (Plosd? | Plosd D29)
ST 22, NE g

Now we consider the first term. Since ¢;;’s are i.i.d. Bernoulli random variables with

expectation 6, we have
Var(ijéij) S 954, |MZ2]5’LJ| S &«2’ 1 S j

Also, we know that Y ._. M2 > |IM||2/2 > KA%/2 and Y ._. M? < |[M||2 < K\?, and
i<j ] F i<j i F 1
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hence KA?0/2 < E( > i< 0 M ) < K\?¢. Then by Bernstein inequality (Bernstein, 1924)

with probability at least 1 — d=1°, it holds that

52/0logd 321
(U Hdogd+”d0gd> 2(d+/Blog d + log d).

‘(Z%ij)— (Y am)| <

i<j i<j

(D.30)
Thus combining (D.28), (D.29) and (D.30) with the fact that |S| < d?6 with probability
at least 1 — d~1°, under the condition that x3u*K < (logd)?, with probability at least

1 — O(d~'%) we have

oK

o (A\/?dlogd >+0( ) S oplogd < <|)\1|\/§logd ) +o0(0) < ologd.

From the proof of Corollary A.1 and Remark 16, we know that with probability at least

1—d1

i
-M-M
0 ‘

- 0~
M — M|z < 5M—M +

2

|A1|x/log |A |MK / do*
~J 9 Y
2

and hence 1y < do(Av/pf)~! and Ang < do/+/po.
Under the condition that (pf)~'/*\/do/Alogd = o(1), with probability at least 1 —

O(d™"°) we have Ang/24 < py < Ay/1o/12. Thus by Theorem 4.3 the claim follows.

D.6 Proof of Theorem 4.8

We first decompose VFH — V = VFH — VH, + VH, — V, and we consider the term
{/HO — V first.
By Lemma 8 in Fan et al. (2019), we have that |[VHy — V — P (X = VVT) V]|, <

|2 = VVT|3|PL(Z = VVT)V|,. Note that in Lemma 8 of Fan et al. (2019), the norm
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is Frobenius norm rather than operator norm, and the modification from Frobenius norm
to operator norm is trivial and hence omitted. We first study the leading term P l(i —
VVHV =157 P (VOVOT —VVT)V,

For a given ¢ € [L], we know that V© is the top K left singular vectors of YO =

MQO ) /p=VAVTQO/ 5+EQO/ /5 =Y +EO where
YO =VAVTQY/ /p and £Y =EQY/ /p.

By the “symmetric dilation” trick, we denote

S(YW) =

0 EQ®/\/p
QOTE/\/p 0
We let F%)A%)U%)T be the SVD of Y and we know that with probability 1 we have
I‘%) = VOgq, where Og is an orthonormal matrix depending on QO Tt is not hard to

verify that the eigen-decomposition of S(Y¥) is:

.
l l {4 {4 {4
S(Y®) = L reoT ) (A0 o (T T
V2 g _gw o —AY) V2lyo _yo|

where A%) = diag()\(le), e )\g?). First we study the eigengap amin(A%)) = )\(}?. Recall
QO = VOO ¢ RE>Pand it can be seen that the entries of QO are i.i.d. standard

Gaussian. By Lemma 3 in Fan et al. (2019), we know that with probability at least 1 —d 19,

we have that |[QOQOT /p — Tk, < \/glog d, and thus amin(ﬁ(@/\/ﬁ) >1- O(\/%log d)
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with probability at least 1 — d~'°. Thus under the condition that \/% logd = o(1), under
the same high probability event we have that amin(A(I?) > A/2. Now we let IAJ%) be the

top K right singular vectors of Y®. For j € [K] we define

T T
4 l 4 l 4 4
TR VRN & IS £ T E
G'=2 (A1) AL .
~u Ul ) A ulY —u J\uy —uf

Then we have HGg-e)Hg < 1/AY < 2/A with probability at least 1 — d~'0. Correspondingly

we define the linear mapping

f : R(d+p)XK — R(d+p)><K7 (Wl) e 7WK) = (_G(le)wh Tty _G%)WK> )
- Ty
and denote I‘%) = . By Lemma 8 in Fan et al. (2019), under the condition that
Uy

S(ED)||2/A = o(1) we have

= = = T
H V(€ U(}? ) F(Z)F(K)T f(S(g(f))F%))F%)T_F%)f(s(g(ﬁ))l"%))

H vover —pOrdt - vouPt - rQul’
ulyvor —uPr)T oo - uPu’

— [(SENTTYT — T r(SEDT || S I1SED)|2/A%

2
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By taking the upper left block of the matrix, we have

[VOVOT —TT0T — F(SEDNTY) T = TRASEDNTE) oyl
= [VOVOT - vVT = F(SENTY),, T =T ASENTD) ol

SISED)3/A%

Now for j € [K], we study PL(G(E))[1:d7:]. Since I‘%) = VOgq, we have PLI‘%)

J

Therefore we have,

.
T
P, (—AY — \915)! —0, and
{4
Ul
.
l l l l
(e e\
Pi<Tay, — 3
U%) U%) U%) U(E) [1:d,:]

=(P,,00+0=(P,,0),

and as a result we have

1 1
P(Gj)pay =50~ NG {(PL,0) =0} = ——(PL,0).
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Thus in turn,

(¢ OHT l =N T T~ HT
PL(f(SEONTY), 0 T + TS (SENT) 0y) = PLASEDTD),, T

0 EQY/ p\ [TV
=(P.,0) I agm
QOTE//p 0 U

= PLE(Q(Z)/\/I’E)U%)(A%))*ll"%ﬁ _ PJ_E<Q(E)/\/Z_7) (Y(é))f_

For a given ¢ € [L], under the condition that /p/dlogd = O(1), by Lemma 3 in Fan et al.
(2019) we have that with probability at least 1 — d—1°, [|Q®]], < v/d. Combined with
previous results on the eigengap amin(A%)), we have that with probability 1 — O(d™?), for a

fixed constant C > 0
199, < CVd, oun(AD)Y>A/2, veelL).

< r1(d) log d with probability at least

~Y

Besides, under Assumption 1, we have that ||E||,
1 —d ' and in turn by Wedin’s Theorem (Wedin, 1972), with high probability for all

¢ € [L] we have that

o~ ri(d d
[VOTOT VYT s 5 €0 /(AL 5 B2/ B/ 5 D logd\/;
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and thus | — VV |, = Op (r1(d)log d\/d/p/A). Besides, we have

S P (VOVOT —vvhv

(=1

L
- % 2P, (f(S(g(e))f(’?) [td@r(m + T f(SET] )[1 d; ]>V +Ry(T)

- % i P EQY//p)(YDV + Ry (Z Z P.EQY//p)BYT + Ry(E)

1 ~
= +P.EQBq + Ri(3),

where R, () is the residual matrix with |R1(2)]]2 = Op(||S(E®)|2/A2%). Now we study
the matrix B® = (AVTQ®/, /p)!. From previous results we know that with probability

at least 1 —d™9 1/2 < amin(ﬁ(@/\/ﬁ) < amax(ﬁ(f)/\/ﬁ) < 3/2 for any ¢ € [L], and in turn

< Omin(BY) < 0pax(BY) < V¢ € [L]. Now for any vector y € R¥ such that

B

2
3|

lly|l2 = 1, with probability 1 — O(d~®) we have that

L 1/2
IBayl = 7By BT = (3 1BOv1E)

1/2 2\/Z
[Balls = mas [Bayl, = masx (B¢ wiE) " < (D) < 2

—_
~

L L 12 2V
Fuin (Ba) = min [Baylo= min (3 [BOy[2)" > (Y o2, 3?)" > 2.

lyll2=1 lyll2=

Now since we know that the entries of /p{2 are i.i.d. standard Gaussian, similar as before,
under the condition that Lp < d, by Lemma 3 in Fan et al. (2019) we have with high

probability that g\/g < omin(€2) < Tman(Q) < g\/g Therefore, we have the following
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upper bound on the norm of the leading term

~ 1 ~ 1 ~
IPL(E-VVHV[; < ||ZPLEQBQ||2 + |Ri(2) |2 < Z||E||2||Q||2||BQ||2 + |R1(2)]]2
| d r(d)logd d
= Op( LPT —|—T1<d) (lOgd) AQ)

Thus we have the following decomposition

VH)— V=P, (X - VV )V +Ry()

1 ~ ~

1 1 = =
= EPJ_EOQBQ + EPJ_EbQBQ + Ri(2) + Ro(X),

where Ro(2) is a residual matrix with

IRo(D)]l2 = Op(|Z = VV [P L(Z ~ VVT)V],)

o (Tl(djz(fi DY | oy (@208 pZQ)

Thus

IRo(2) + Ry ()| = Op (rl(d) (logd) pA2>

Next we consider the term VFH — VHO. We denote the SVD of X¢ by \7K§<\7’T +
VA V], and by Weyl’s inequality (Franklin, 2012), we know that [|[A L[|, < [|[E=VV ||, =

Op(r1(d)logdy/d/p/A) and ox(Ak) > 1= || =VVT|y > 1= 0p(ri(d)logd\/d/p/A).
Thus under the condition that ri(d)logd+\/d/p/A = o(1), for large enough d with high

probability we have

IAL[l; < (r1(d)logd\/d/p/A)" and  ox(Af) = (1= O(ri(d)logdv/d/p/A))" = (1/2)".
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Similar as before, we know that with probability 1 the left singular vector space of
VALVTQF = VAZQF and the column space of V are the same, where QF := VTQF
RE*P is still a Gaussian test matrix with i.i.d. entries. By Lemma 3 in Fan et al. (2019),
we have with probability at least 1 — d—'°, Umin(ﬁF/\/F) >1- O(\/glog d). When
\/7 logd = o(1), by Wedin’s Theorem (Wedin, 1972), there exists a constant 7 > 0 such

that with high probability we have

IVPH — VHy|]o = [VIH, = V|, S[VIALVIQF /Yo /ox (VALQ" //P)

IALBIEE Vil (2ml<d>logd¢d_/p>q \/E
ox (Ao (/) ~ A P

Denote 7' := 2nry(d) log d\/d/p/A = o((logd)~"/*). Then it can be seen that when

logd S 94 log \/d/p'

loglogd — Tog(1/1") "

q>logd> 2+

we have that (')1+/d/p = o((r')?) and [VFH — VHy|, = Op (rl(d) (log d)? W)
Now for a given j € [d], recall that with high probability oy (%;) = Q(m(d)) . Therefore,
under the condition that d*ry(d)*(log d)* (p2A4172(d))71 = 0(1) and drg(d)2(LpA2772(d))71 =
o(1), we have with probability 1-O(d~?), | P, E,QBaql|> = Op<\/AQILp7"2(d)) = op((0min(Z;))"?),

and |Ro(2) + Ry (D)2 = 0p ((0min(2;))"/?). Then under Assumption 5, we have

=, A(VPH = V) Te; = 3, VA(VPH - VHy + VHy - V) e,
_s-ty2, 1
=3¢
= 3 V(E)Te; + 0p(1) S N(0,1

=> 0) € +op(l) = N(0,Ix).

12 Srer - <~ 1
BLOQ EP e)+X; Y Q(VFH—VH0+RO(E)+R1(E)+EP¢EbQBQ)Tej
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D.7 Proof of Corollary 4.9

To prove Corollary 4.9, it suffices for us to show that Assumptions 1, 2 and 5 are met.
From the proof of Corollary 4.2, we know that Assumption 1 is satisfied. We move on to
show that Assumption 2 is met. Define V; = (V, V1) as the stacking of eigenvectors for
the covariance matrix ¥. Note that V' is not identifiable under the spiked covariance
model and is unique up to orthogonal transformation. Let Z; = V;eri, and Z; ~ N(0,Ay),
where Ay = diag(A + 021k, 0%l k). We let T's = (uy,...,ux,1) be the stacking of
eigenvectors for the matrix Xg, and let 0y > g5 > ... > g1 be the K + 1 eigenvalues
of ¥5. Correspondingly, let 5, > ... > G4 = 0° be the eigenvalues of the sample
covariance matrix ig. Since Xg = (V)[S#}A(V)[TS’:] + 02141, we know that oxy; = o2
and 0 = 0 — 01 > A2 ((V)s,)). We define ¢ = (V[%qj:])TuKH, and denote ¢y =

(0,1;_r) "¢ € RY. Then by the proof of Lemma 6.2 in Wang and Fan (2017), we know that

G’ —o® = Eg(% ; Z,Z] — Ny)ey + %Op (Mgcsr — 0*Wrein)
where My 1 = Y i fi Ok + Ok — k), Wis1 = Do fi and fi is the (K + 1)-th
element of the k-th eigenvector of I‘ngSI‘S multiplied by /n for £ < K. We let f =
(fi,-- -, fx)"//n. By Wedin’s Theorem (Wedin, 1972) and Lemma 3 in Fan et al. (2019),
we have that with probability at least 1 — d=0, |5, — 63| < ||Zg — Bsl2 < 71 log d\/% for
k < K. If we denote by Fg := (I, 0)" the stacked top K eigenvectors of ', ¥T'g, and by f‘g
the stacked top K eigenvectors of ngsrs, then we know that f is the (K +1)-th row of f‘g.

By Davis-Kahan’s Theorem (Yu et al., 2015), we also know that there exists an orthonormal
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matrix Og € RE*X such that ||f]|s = ||OLf — 02 < |IFsOg — Fglls < @\ /£, and thus

log d
Wi =Y R =nllfll} < (Og),

k<K

3

~ K
and Mg Salzflf ka; ||ES_ESH2 ~ (logd)Q.

k<K k<K

Thus we can write 02 —o? = ¢J (£ Y1 Z;Z] — Ag)¢o + Op( (log d)?).
Now we take Eg = 3 — 3 — (Co (2301 Z;Z; — Ay)Co)1y, and from previous results
we know that with high probability ||Ey|s = |E — Egll2 < ?;—f(log d)?, such that we have

ro(d) < iif(log d)? = o(ry(d)) and Assumption 2 is satisfied.

Now we move on to study the statistical rate ny(d). For any j € [d], we first study
the covariance of EgP  e;. We denote E= Z\Z — Ay, then it’s not hard to verify that
Cov(Ey, Egn) = M(E)N(D)(I{s = g,t = h} +1{s = h,t = g}). Since EoP e, and
V,E(P, e; share the same eigenvalues, we can study the covariance of V] E¢P e; instead.

Then Cov(VE¢P ;) can be calculated as following

Cov {V;lr(% ZXZXZT . VJ_<VJ_ Z Z; Z co)Vd PLe]}
i=1
= Cov {V;(% Y XX - Z)Va(0,I, k) 6 - (Eg(E Z VAV Ad)’c“o)é“o}
=1 i=1

— Cov {(% N 277 - A& - (ag(% > Z2.7] - Aeo)é ),
=1 i=1
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where € = (V+)"e; and €, = (0,1;_)"€. Then we have

1 S~ TS~ ~
COV(V;—E()PJ_GJ‘) = — COV(EBO — C(—)FECOBO)
n

1 ~ T e ~ T~ - ~ T~
— —{ Cov(Eeg) + Var (cJEco)eonT — Cov(Eeéy, ¢) Ecy)e; — ¢, Cov(Ee,, CS—ECO)T}
n

1.~ o o ~T o~ ~
= —{||eo]|20? Ay + 30epe, — 20 (C, &) (Coey + €0Cy )}
n
Thus it can be seen that the covariance matrix is block-diagonal:

1 [ l[€oll30?(A + 0%Ik) 0
COV(V;—E()PLGJ‘) = — 2 )
n

0 [€0l130* (Tg—x + 37 — 2pcr —2pmc’)

where 71 = €/||e||2 and p = (¢, 71). Then following basic algebra, we can write Cov(E¢P | e;)

as:
1 - -
5{02Heo\|§2+304PLejejTPr 20" pll&o|2[(PL)siurr1€] P+ Prej(ug 1) (PL)syl-

To study n(d), we will first define 3 as following

1 _
%) = —BHQT{0"S + 3o'eje] — 20%pl[Eola (L)syusre] +ejufer, (Li)is) [2Ba.
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We know that [|&]|3 = ||[PLe;||3 =1 — O(uK/d), thus we have

uKo?

|21 .esl3E - o?| < O(F== (0% + ),

K

H30’4PJ_GJ TPJ_ 30’463'6;”2 S 304H(Plej —ej)ejTPLHg—i-304Hej(PLej —e]) H2 O' 7,

[P L)psuriie, Pr— (La)psiuxiie] [z < I[(PL)ps) — Ta)psuksre; Po

K
(L) suke] (L —1,) stfc\f NS K\[

2 [[(PL)psursie, Pi+Prej(ugit) (PL)s,]— [(Id)[:,s]uKHe;TJFGj(UK+1)T(Id)[S,:ﬂH2
< Kot P
~ e \/;’

. NV Kdo* /@) _ KN @\ _do* do?
and in summary we have ||3; — X%y = Op(nAQLp \/;> = Op( A2V G ) e = OP(—anAf)‘

Now we study [|3} — 3. |lo. Since the entries of /P2 are iid. standard Gaussian, by

Lemma 3 in Fan et al. (2019), we know that with probability 1 — O(d™?), we have

12200 S VL, and |[Qsll: S VL.
Therefore, under the condition that % = 0(1) we have

12 = %]l = o a2’ (39J'ejT —2p((La)..sjuk1€e; + equT(Jrl(Id)[S:i]))QBQ‘L

5 ot do?
Bl (82 + [25s1) = Or (55) = or( )

LQ

As for ij, by Lemma 3 in Fan et al. (2019) with high probability we have that o (Q27V) >

\/Z and in turn

2

T

ox (%) 2

5 (7(Ba))” ((ox(QTV)*A + (0(R)0%) 2

48



Therefore, combining the previous results, we have that by Weyl’s inequality (Franklin,

2012), with high probability

M (Z)) = Ak (Z)) = 125 = il — 1) — 52

do? o2 A do? do? o’ A
2 +— —of ) 2 + :
~ nLp\?  n)\? nLpA\?” ~ nLp)\? = n)\?

Thus we know ny(d) < do*/(nLpA?) + 02A/(n\?).

Recall from the proof of Corollary 4.2 with probability 1 — O(d~!%) we have ||Eglls <

(M +0°)logdy/Z. Also recall that r5(d) = AK (log d)?. Therefore, under the condition that

62n

(logd)* < (2

>>/<ai‘)\1dr2(logd)4< d X\ ) and oS K? )\)27
1

po? ME A ;L 0totn
we have d?r,(d)*(log d)4(p2A4772(d))71 = o(1) and drg(d)z(LpA%g(d))fl = o(1).

Now we need to verify Assumption 5. It can be seen that the randomness of the
leading term comes from €2 and Ej; both. We will first establish the results conditional
on (2. In fact, we will first show a more general CLT that will also cover the case of the
leading term under the regime Lp > d. More specifically, we will show that for any matrix
A € R™K that satisfies the following two conditions: (1) Opax(A)/omin(A) < CIA1|/A; (2)
Ak (Cov(ATEP e;)) > cn~to? (Jmin(A))Q, where C, ¢ > 0 are fixed constants irrelevant

to A and we abuse the notation by denoting X; := Cov(ATE(P je;), it holds that
= PATEGP le; % N(0,T D.31
5 oPre; = N(0,Ik). (D.31)

Now for any matrix A € R¥¥ satisfying the aforementioned conditions, to show that

ATE(P e, is asymptotically normal, we only need to show that aTEj_l/QATEOPLej LN

49



N(0,1) for any a € RX with |Ja]j; = 1. We can write

_ 1< _ _
a'S ’ATEP e; = - Y a s PATX X -2 - (Z:2] — A)la}P e,

i=1

0 Z{ a' S PAT(X X ~2)Pre; — ¢ (Z:Z] - Ad)Eo(aTE;WATPLej)}.

We let 2, = a' =, PAT(X: X[ — 2)Pe; and y; = & (Z:Z] — Aa)eo(a™=; ' ?ATP e)).

For 3;, we have that HE;1/2H2 < Oin(E;) Y2 < /n/(020min(A)). Then we have

Elz* S Ela"S;?ATX, X PLej’ < \/E|laTS; AT X, [5Ele] P, X,|¢

—1/2
<= II3\/(A1 + 02)305|| A9,
Elyl* < (@™, ?ATP e, ’El] Z:Z] ¢ < ||=; P A|BE[E] Z:|°

—1/2
SI=72 1300 + oA,

Elz; — y:* S Elaf® + Elyl® < IIEf/Q!\%(\/(M +02)305|| Al + (A + 02>3HAH§)
<2+ 023 AL/ (02 0min(A)) .
Thus
Y Bloi—uil® M+ ?)PALR o (At 0?)PA] o(1).

3/2 ~ 3/2564 3~ 6 A3
Var { > i1 (@i — Y } n200min(A) VoA

Thus the Lyapunov’s condition is met and (D.31) holds. Then we take A = QBgq, and

define the following event

Aq = {1/2 < 0min(QO/ /D) < omax (9 / /) < 3/2, VL€ [L]}

1 /d 3 |d
=< . < < —4 /= .
N {2\/; < Omin(2) < 0nax(2) < 2\ Vi e [L]}
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Then from previous results we know that P((Agn)¢) = o(1), and under the event Ag we have

IS

Umax(QBﬂ)
Umin<QBQ)

Q

<OM/A, A(E)) > (0 (2Bg))”.

)
S

Thus from the above proof, for any vector t € RX, we have IP’(E;]‘/QV(EO)Tej <

t|Aq) — ®(t) = o(1), where ®(-) is the CDF for N'(0,Ix). Then we have

P(Z; V(B Te; < t) = E(P(E;U2V(EO)Tej < t\n))

= P(X;2V(Eg)Te; < t|Q € Ag)P(Aq) +B(Z;V(Ey) Te; < tQ € AG)P(Ag)

= (®(t) + o(1)) (1 — o(1)) + o(1) = ®(t) + o(1).

Hence we have that Assumption 5 holds and (12) follows. Next we need to show that the
result also holds for ij. From previous discussion we already know that ||X; — ing =
OP(AK<§j)), then by Lemma 13 in Chen et al. (2019) we have that Hflj_l/QE]l./Q —Iyll, =
Op(I1Z;21Z5% = Z2[15) = Op(Ax(Z)) =5 — Z;l2) = op(1). Then by Slutsky’s
Theorem, we have

§;1/2(QFH ~V)Te, = (§f1/221/2)2j—1/2<\~/'FH ~V)Te, N N(0,Ik).

J J

Finally, we move on to verify the validity of the estimator flj for the asymptotic
covariance matrix. From Lemma 7 in Fan et al. (2019), it can be seen that with probability

1 —o(1), H is orthonormal. When H is orthonormal, by Slutsky’s Theorem we have that
HE(VFH - V)Te; = HE;/?HT(VF - VHT)Te; % A(0, 1),

where it can be seen that Hi;l/QHT = (HinT)_l/Z. Therefore, it suffices to show that
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||§]] — HinTHQ = op ()\K(flj)), and the results will hold by Slutsky’s Theorem. Recall

from the proof of Corollary 4.2, we have the following bounds

- r N ~ K
HE—EHQZOP<<)\1+O'2)\/%>, ’0'2—0'2|:OP<O'1 g),

We will bound the components of HEJ - ing respectively. We have

PO - ~ - K
|05 = 328> S [6° ~ 0?|[Sll2 + * B — Slla = Op (51(\ + 02/ )

+ Op (02()\1 + 02)\/;) = Op (UQ(M + 02)\/9, n

Also, from proof of Theorem 4.8, we have that with high probability
IVFH = Vo = [[V" = VHT |l < || Eol|2]| Q12| Ball2/L = Op(s1 —)

and | —VAVT|, = Op (()\1 —1—02)\/§>, where S = 3 —52I,. Then with high probability,

for all ¢ € [L] we have that

[(VETE" —HAVQO /B, < \/g(ni“ — VAV [y + Ai|[VF = VH||,)

and thus by Theorem 3.3 in Stewart (1977), with high probability for all ¢ € [L] we have

that

IBO — BOHT |, = [|(V' TS0 //p) — (HAVT QO /p)],

2
== OP (A_Qlil)\l d " >,

np?L
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and in turn we have Hﬁg —BoH'"|s = 0p (A_Qm)\“ / np2L> VL = Op (A le)\“/ >
. . o . 1.‘41

d2r
np2L

= o(1), following

basic algebra we have

T r d27’
HE HE H |, Op( (A 4o )\/7 LpA2 ( % i (02 A1) k1A n_p2)

A o [T\ do? Mkl [ dProy dot <
_ ) = = ).
= Or (A2 3+ o )\/;) nLp\? + OP( o2 anL) nLp\? or (M (%))

Therefore, by Slutsky’s Theorem, under the event B := {H is orthonormal}, for any vector

t € RX, we have that P(3;"*(VF — VHT)Te; < t|B) — ®(t) = o(1), and thus

P(E A (VE - VHT)Te; < t) = P(E;*(VF — VH")Te; < t|B)P(B)
+PEA(VE - VH)Te; < t[B°)P(B°)

=P(Z;A(VF — VH")Te; < t|B)(1 - o(1)) +o(1) = B(t) + o(1).
Hence the claim follows.

D.8 Proof of Corollary 4.10

We will verify that Assumptions 1, 2, 3 and 5 hold. First, it is not hard to see that
there exists some orthonormal matrix O € RE*X such that V = FC~!O, where C =

diag(v/dy, . .., V/dg). From the problem setting of Example 2 we also know that there exists

a constant C' > 0 such that

C’lel?Xdk < Kmkindk <d< ngxdk, dy < ... =<dg <d/K,
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and thus that \/&/K < 04(C) < [Clla  VAJE. Then [Viheo S /5 [Flbeo = /5.

Thus Assumption 3 holds with = O(1).

From the proof of Corollary 4.2 we know that Assumption 1 is satisfied. Besides,
recall from Remark 13, under the condition that \/K_/d logd = O(1), with probability at
least 1 — d~'° we have that |E|y < dA¢/vVK + Vdnlogd := 1 (d), which is sharper than
r1(d)logd. Since E, = 0, we have ry(d) = 0 and Assumption 2 holds trivially. Now we move
on to study the minimum covariance eigenvalue rate 75(d). From the proof of Corollary 4.2,

we know that

E=E,=FO'Z+Z'OF ' +Z'Z-nl,=> {QZ +7Z,Q +2Z,Z] —1.},

i=1

where Q; = FO®, € R? with ©; being the i-th row of @, Z; is the i-th row of Z and

Z; %' N(0,1,). Then for j € [d], we have

COV(E()PLGJ') = Cov (Z {sz;r + ZZ(Q;r + ZZZIT - Id}PLGJ)
i=1

— i Cov ({QiZI +7Z,Q +72,7] — Id}PLej>
=1

= Z Cov ({CQlZZT + ZzzlT — Id}PJ_ej)a
=1

where the last equality is due to the fact that P, Q; = P, FO®,; = 0. Now for ¢ € [n], we
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calculate Cov ({lelT + Zi.ZiT. - Id}Plej). Following basic algebra, we have that

Cov ({QZ] +2.2] ~1}P e,
:]E<{QiZI+Zi‘ZI}PJ_eje;-rPJ_{Zi.QI‘i‘ZZ’.ZI}) —PlejejTPJ_
= [IPLe;l3(QiQ, +1a) + QPLejejTPL — PJ_eje;‘rPJ_

= |PLej|3(QiQ] + 1) +Preje/ Py,

and thus

n

Cov(EoP e;) = Z (IPLe;l3(QiQ/ +14)+ P eje; Py )

1=1

—||P.e; ||§(Z QiQ/ +nly)+nPeje] P

=1

= |PLe;|5(FOTOF +nl,) +nP eje P

Then since |Pie;lls =1 — K/d = 1 — o(1), we have that \s( Cov(EoP e;)) 2

~

n, and
hence we have 79(d) =< dn/(A2Lp). Then under the condition that n > d3L/p and
A% > K(logd)*\/dnL/p, we have that

NP Ay AT Enld
K22 7 a2 pPAtp(d)

rh(d)* < A2 Lp <CZ4A‘O1

d’n(log d)*
) ~ " d K2n+ n(og))<<

Now we move on to check Assumption 5. Similar as in the proof of Corollary 4.9, we
will first show the results conditional on €2 by establishing a more general CLT . More
specifically, we will show that for any a € R¥ with |jall; = 1, and A € R™¥ such
that /\K(COV(ATEOPLGJ‘)) > nomin(A)? and opax(A) /omin(A) < C, where C, ¢ > 0 are

constants irrelevant to A and we abuse the notation by denoting X; := Cov(ATEP e;),
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we have a' 3, ?ATE P 1e; % N(0,1). Define Q = OF . We know that
d
1Qll2,00 = maXIIQsz < [F[2l|®]l2.00 S 1604/ —, and

aTz;l/zATEoPLej = Z {aT2;1/2AT(QiZI + 7,7 —1,)Pe;},

i=1

and we denote
=a'S PATQZPie;, yi=a'S'PAT(Z,Z] ~1)P e,
Then we have

Elz; + 4:* S Elaif® + Eluif* < |22 AT QS + ||, A 7|3

||A||2 } { 3A3( )3/2+1}

mlIl

—1/2 _
<15 P IBIAIB QIS  +1) S 0?2

_ d.\3/2 _
<n 3%3&;(5) / +n32,

Then

n 3 n
Zi:l E\sz + yzl s = ZEW + yi|3 < n_2u§Agd3/2 + n~ 2.
Var { > (@i + yz)} / i=1

Then under the condition that A2 < n*/3/(u2d), we have that

n—2M2Agd3/2 — 0(1) and (Z E’xl + yi|3> Var <Z($Z + yi))*3/2 — 0(1).

i=1 =1

Thus the Lyapunov’s condition is met and the CLT holds. Also recall from previous
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arguments, there exists a fixed constant C' > 0 such that with high probability we have

(Umin(ﬂBQ))Z.

O'maX(QBQ) Ul<@) 2 |
Tnin(Ba) Sg(m@)) <G wBh)2

|3

Then by taking A = Q2Bg and following similar steps as in the proof of Corollary 4.9, we
know that Assumption 5 is satisfied. Then by Theorem 4.8, (11) holds.
We move on to prove (14). It suffices to show that ||X; — ijHg = OP()\K(EJ')). When

A2 < n and K < d, with high probability we have
0

~ d
13 — X2 < m{(n + A)(1—|P_ej|3) + n||PLreje, PL —eje] |2}

LTPOIP RPN N L SUNY S £ IR L 5.
ol S e (S Ak )+ ge = o) = or ().

Thus (14) holds.

Last we verify the validity of f]j. Similar as in the proof of Corollary 4.9, it suffices
to show that |2, — HE;H ||, = op(Ax(%;)). Recall with high probability [|[M — M||y <
7 (d) = dAy/VK + Vdnlogd.

Also, from the proof of Theorem 4.8, we have that

~ ~ 1 — d ri(d
[V¥H = V]l = [ V¥ = VET |2 = £O0n(IM — MIs[92Ball) = Or (5 47),
Then with high probability, for all ¢ € [L] we have that

o~ —_ d A \/
[(VFT™M — HAV)QO ) /3|, S \/; (IM = Mllz + X [[VF = VET )
@ A
= OP ﬁrl(d) - OP( )7

o7



and thus by Theorem 3.3 in Stewart (1977), we have that

~ ~ —~ 2 2/
B ~ BOHT|, = (V7MY vp)' — (HAVTQO/vp)'||, = O (, /i—jfj)) ,
p

and in turn we have Hf}g —BoH'||s = Op (,/%"Xé”) VL = Op (%)-

Therefore, under the condition that A2 < K Lp*n?/d*, we have

S = r d d ri(d)
T '
I~ HSHT s £ 730 M~ M 4 (n+ 4) 72O (p )

= OP(%) = OP()\K<§]3>)

Thus the claim follows.

D.9 Proof of Theorem 4.5

We will first decompose VFH — V = (VFH — VH,H,) + (VH,H, — VH,) + (VH, — V).
We will show that when L is sufficiently large the first two terms are negligible, and we will
consider the third term \Ang — V first. We will first study H\AfHo —V-P,E;VA |20
by conducting decomposition of the error term. For the convenience of notations, we let

P = VTV for short. If we define ﬁo = \AfTV, we can decompose

VH, -V - P,E,VA™!

=P, VH,—P,E,VA'+P, V(H,—H,)+(PVH,— V).
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Under the condition that ||E|ls/A = Op(r1(d)/A) = op(1), we have that Hy is a full-rank

orthonormal matrix with probability 1 — o(1). Then we have with probability 1 — o(1) that

PV (H, — ItIo)Hz,oo = |(I- VVT)(VH, — V)H] (H, — ﬁo)Hzoo
< |[(VHy — V)H (Hy — Hp) 2,00 + [VVT(VH, — V)H] (Hy — Hp)|)2.00
< |[VH) — V||2.00][Ho — Hollz + [ V|2.00][VHo — Vo] Hy — Hol|2

K ||E ~
< (o) + /LBy,

From Lemma 7 in Fan et al. (2019), we know that ||Hy — Hol» < H{\/{\/T —-VVT|2 <

(|E]l2/A)? = Op(ri(d)?/A?), and thus we have

HPLv(HO—f%ﬂhw::op((muo+4/%?rﬁf§r¢@%uv>.

We move on to bound HP\A/'HO — V2,005

p 2 /A2
— Op <\/7r1(d) /A ) .

Finally, we consider the term P L\Afﬁo —P,E)VA~!. We can decompose

IPVH, — V500 = ||V (Hg Ho — I)[|2.00 < [V 2,00/ Ho — H|l2

P, VH, - P, E,VA ! =P, VH,AA ' — P, E,VA™!

=P, (EVH, — E;V + V(A — A)H, + V(HyA — AH,))A .
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We bound the three terms separately, with high probability

P (EVH;—EqV)A Y2,0< [PLE(VH— V)A 300t [P EVHoA 500
< |Eo(VHy — V)A a0 + [[VVTE(VH, — V)A™Y|o.00 + | Esllo/A

< Eo(VHy = V)|2.00/A + |V [l200 | Eol2 VEy — V|2/A + ro(d) /A
-0 pkK 2 /A2
= P T4(d7 A)/A—F 77”1<d) /A +T2(d)/A .

As for P, V(A — A)HoA !, we have

IPLV(A — A)HoA Yoo < [[(VH) — V)H] (A — A)HoA o0
+|[VVT(VH, — V)H] (A — A)HoA 2.0
< |[VHy — V|20l Eoll2/A + [ V200 VH) — V|2 Eo|l2/A

u

— op{rg(d)rl(d)/A + 7r1(d)2/A2},

and finally

[PV (AH, — HoA)A |0 < [(VH, — V)H] (AHy — HyA)A ™ [lo00
+|VVT(VH, — V)H{ (AH, — HoA)A |20
K A A~
=Op ((T3(d) + r1(d)/A)||[AHy — HOAH2/A>

pE
d

Pl
d

=Op <(7’3(d>+ rl(d)/A)rl(d)/A> ,
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where the last inequality is due to the fact that

IAHy — HoAl]» = [AVTVVT — VTVAVT|,
= |AVTVVT = VTMVVT|,
<|JAVTVVT —VTMVVT |, + [VTEVV T,

= [(A= AV VVTz + [VIEVV||; < 2| E[.

Thus in summary, we have

VH._V_ Sy Jra(@ri(d) [ pKri(d)? | ra(d)4ra(d)
[VEy-V- P BaVA o =0p 20 4 IO e (Y,

Now we move on to bound |[VH;Hy — VHy||5. By Theorem 4.1, we know that

IVHH, — VH |, < [[VH, = V[, S [VVT = VV T,
< IVVT = V'V o+ [VVT = VVT|,

<|IVVT = V'V |p +|[VVT =VVT|,

=Op (%ZHX?Q + \/ Ajz(;[jﬁ(d))

Finally, we consider [[VFH — VH;Hg||s. From the proof of Theorem 4.1, we know that

IVFH — VHL H ||, < |[VIH, — V|, S [VIVIT - VVT|,

|- VVTs
~ q-
1= |E = VVTs)

S ld
= Op(E([VFVTT - VVT2)%) < » (

From the proof of Theorem 4.1, we know that with probability converging to 1, there exists
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some constant 7 > 0 such that |X — VV ||y < nri(d) logdy/d/p/A = o(1), and thus that

q
~ ~ d [ d

When we choose ¢ to be large enough, i.e.,

log(Ld) g (log d/ ZATKP)
4224 ot > 1 ’
log log d log ((277 logd)~tA/ri(d) p/d>

we have |[VFH, — V|, = Op(, /AIQ(—;ILrl(d)). Therefore, if we denote

Kd K
r(d) == AL (, /p—Lrl(d) + r3(d)r (d) + %rl(d)%rrz(d)an(d)),
we can write
VIH -V =P, E,VA~! + R(d),
where ||R(d)2,00 = Op(r(d)). Then under the condition that 7;(d)~'/?*r(d) = o(1), we have

that [|R(d)||2,00 = 0op (amin(Ej))l/2>. Thus by Assumption 5,

SA(VIH - V) ey = £72(AVTEGP e;) + op(1) 5 N(0, Ix).

D.10 Proof of Corollary 4.6

We define Ej and E,;, the same as in the proof of Corollary 4.9. Then Assumptions 1 and 2 are
satisfied as been proven for Corollary 4.9. As for Assumption 5, we have shown that under
the condition that k3(\;/0?)% = o(y/n), the results (D.31) holds for any matrix A € R¥>*K

2

such that opax(A)/omin(A) < C|A|/A and Ak (Cov(ATE(P 1e;)) > cn™ o (0min(A))” in
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the proof of Corollary 4.9. Under the regime Lp > d, the leading term V(Eg) = P, E¢VA ™!,

and by taking A = VA~! it can be seen that

UmaX(VAA)/Umin(VAil) = UmaX(A>/‘7min(A> < ‘Al‘/Av

and if we can show that n;(d) > (2n) 7'\ %0, we have Mg (2;) > n1(d) = (2n) " Lo? (amin(VA_l))2
and Assumption 5 is satisfied. Thus we only need to verify Assumption 4 and the conditions

for n1(d). Recall from the proof of Corollary 4.9 we have the following rates

~3
_ 9y [T _ oK 9
nd) = o+ o 5 () = S oga,
and we can further derive that the following bounds hold with high probability

[Vsgn(VTV) = Vs < [Vsgn(VTV) = Vs < [[Eoll2/A < mi(d) log d/A;

[Eo(V(VTV) = V) [a00 S [Eol2l|Vsgn(VTV) = Vl|z < 71(d)* (log d)?/A.

Thus we know r3(d) < k1 log dv/r/n and r4(d) < ri(d)*(logd)?/A = k1 (A1 + 0?)(log d)*r /n.

From the proof of Corollary 4.9, we know that X; = n ' A"'VTZIVA~!, where
E?: {02HPLejH%2—{—304PJ_ejejTPl—204pHPJ_ejHQ[(Pl)[:’s]uKHejTPL—I—PLej (UK+1)T(PJ_)[S’:]]}.
Similar as in the proof of Corollary 4.9, we will first define 3’ as following
1

¥ = EA*VT{JQE + 30'eje) — 20" p||P ;|2 ((La)p, s ur1e] + eug i (La)s,) }VA’l.
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Then following similar arguments as in the proof of Corollary 4.9, we have that

IS ¢ IS (Ot B AN
1% = 252 = O(nA2 \/g> N O( A? E) ni? _0<n)\%)'

Besides, under the condition that p?s<]K? < d? we have

1= - S < Y7 v MW#O:O‘WKJ_ 2= o(5)

Then we know that A\g (Ej) > 52 AQ + %/\ and we can take n;(d) = 2n)\2 + 2n/\ . Thus

Assumption 5 holds. Then by plugging in the above rates, we can derive the rate r(d) as

() (d)/A + \/%rl(d)Q JA? 4 (ro(d) + ra(d)) /A

Kdr rk*(ogd)*r oK
log d)?.
npL n * 52nA( og d)

Then under the condition that L > £ K2(25), n > ki(logd)*r?(24) and K(Z)? < kyr,
we have 1, (d)~"/?r(d) = o(1), and hence the condition for 1;(d) is satisfied and (6) holds.
Also recall from the above proof that Hij — 3jll2 = o(Ak(%;)), and (7) holds.

Now we verify the validity of f)j. Similar as in the proof of Corollary 4.9, it suffices to

show that ||§]] — HinT”Q =op ()\K(flj)), and the results will hold by Slutsky’s Theorem.

From proof of Corollary 4.9, we have

Str T _ 2 Z
ISF — VAV, op0h+a>¢;)
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Also, we know that with high probability

Kd
A?pL

IVE = VH ||, = [VTH= V], < r1(d)logd + ri(d)log d/A

<Sri(d)logd/A < Ky logd\/z.
n
Then we have
|A—HAH |, < [VIT(E" = VAVVF|, + |[(VF = VHT) T (VAVT)VF|,

X7 r
FHVT(VAVT)(VE — VHT)[|, = Op (Am log d\/%).

Then if we denote D = (X—HAHT)HA_IHT, we have that [|[Dall = Op (k7 log d\/g) =

op(1), and thus we have

JA" ~HA“'H'|, = |(HAH' + A - HAH")™" — (HAH')"'[,

= HH-/\_lI‘IT [(Ix + Da) ' — Ix] H2 < [JATH 2] Z(_DA)in

i=1
< ) 1 \/7) X
= ( )p Ry 10g a _n A s

and furthermore, we have

r
n

A7~ A S A IR~ HAH = O (wlogdy[2) a2
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Then following basic algebra, under the condition that n > x](logd)*r?(\;/0?)? we have

- ~ 1 - -
[HSH - 8o = ~[[H(o*A™ + 0*A7)H' — @A™ +5'A7%)]

<~ (Io*HAHT — 3R, + o' HAHT — A7)
o [r o |K ot |r S
510 (305 sl o (50
A 4 Ay A !
0 (o () 2) s = 0 (st osa(2) (21, /2)
A 4 ~
:Op<nllogd( 1)\/»>na)\2 = op(Ax (%))

Il
N
N
= DN
)
o
T

Therefore, by Slutsky’s Theorem, the claim follows.

D.11 Proof of Corollary 4.7

From the proof of Corollary 4.10, we have verified Assumptions 1-3. It can be checked that
VA~! satisfies the two conditions for the general CLT results in the proof of Corollary 4.10),

then under the condition that A2 < n*/3/(u2d), Assumption 5 is also satisfied.

Now we move on to check the conditions for 7;(d). Recall from the proof of Corollary 4.10,

we have

Cov(EoP e;) = P e;|3(FOTOF " +nl;) +nP eje/P,.

Then we have

~ K K n n
Y, < < — —
1%; E]HQNdAQ(n+A)NO<dn(n+A)> )\2 0()\%>.

Besides, it can be seen that )\K(f)j) > n/A? 4+ 1/, and hence we can take n;(d) =

A 2n/2 + A['/2. Next we move on to verify the statistical rates 73(d) and r4(d). By
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Davis-Kahan’s Theorem (Yu et al., 2015), we have that with high probability
[Vsgn(VTV) = Voo < [Vsgn(VTV) = V]2 S [E[lo/A S ri(d)/A,

where 7 (d) = dAy/vVK + Vdnlogd as defined in the proof of Corollary 4.10, and thus we

know that r3(d) < ri(d)/A. Besides, with high probability we have

A~

IEo(V(VTV) = V)ae < [Eo(V(VTV) = V)2 S 7 (d)*/A,

and we have 74(d) < 7} (d)?/A. Thus Assumption 4 is satisfied. Then we have

r(d) = \/%TIXD + r3(d)ri(d) /A + \/%7”1(al)2/A2 -+ (Tg(d) + r4(d))/A
Kdr(d) , K K?n(logd)? \/_ Kyn
’S\/p:L A +7(d)?*/A Sp—i_—dAé —i—\/»( \/_AQ)

Therefore, under the conditions that A3 > Ky/n(logd)? n > d*> and L > Kd*/p, we

have 7,(d)~*?r(d) = o(1). Thus by Theorem 4.5, (6) holds. As for (9), from the above
arguments we have Hij — 3jll2 = 0(Ax(%;)), and hence (9) holds.

Now we need to check the validity of f]j. Similar as before, it suffices for us to prove
that ||§3J — Hf]jHTHQ = oP(/\K(EN]j)). From Corollary 4.7, we have that ||ﬁ - M, =

Op(dBo/VE +dn) and [VPH = V]|; = [V" = VH ||, = Op(K/§/A7). Then we have

|A —HAH |, < [V (M - M)VF|, +[|(V" = VHT) "MV,

+ [V IM(VE = VE)||, = 0p (d20/VE + Vin).
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Then if we denote Dy = (A — HAHT)HA'H", we have that

IDall = 0r (K /557) = or)

and thus we have

IA™ —HATH |, < A2 Dall2 = Op (K\/§A52> AT = 0p(n/A}) = op (Ak(E))),
and furthermore, we have
n||1~X‘2—HA‘2HT||2§n||A‘1||2||K‘1—HA‘lHTHQ:OP(K\/g/AS)nA‘Q:op(AK(flj)).

Combining the above results, we have ||§A3J - Hf]jHTHg = OP(AK(ij)), and hence (9) holds

with ij replaced by ij.

D.12 Proof of Corollary A.3

The proof for the case where no self-loops are present is almost identical to the case where
there are self-loops except for some modifications. We will first prove the results for the
case when self-loops are present, then in the end we will discuss how to modify the proof
for the case where self-loops are absent.

We only need to verify that Assumptions 1 to 5 hold. Recall from the proof of Corol-

< ri1(d) = vdf, and thus we know that Assumption 1

Y

lary A.1 that we have ||||E||z2||y,
is satisfied. Also Assumption 2 holds trivially due to the unbiasedness of E. We will
then verify Assumption 3 holds under the model. We know that ®II and V share the

same column space, and thus there exists a non-singular matrix C € R¥*X guch that
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OIl = VC and V = OIIC!. Then we can see that o, (C) = 0 (OII) > \/W, and
IC!le § V/E/d0. Hence we have [ V]zo < |OT05|C 1 S VEy/K/dD = \/KTd.
Thus we can see that Assumption 3 is satisfied with u = O(1).

Now we move on to verify Assumption 4. Recall from the proof of Corollary A.1 that
AZdi/K, M|, S Kdf, M; < 6 and max; E(E;) < 6. By Theorem 4.2.1 in Chen et al.

(2021), we have that with probability 1 — O(d~?),

K3WK + K/Klogd

_ K%K + Ky/Klogd
Vo ’ -

dv/0 ’

[Vsgn(VTV) = Vs < r3(d)

and by the proof of Theorem 4.2.1 in Chen et al. (2021), we further have that with probability

1-0(d),

< K\/K0logd
~Tde
< r3(d)(logd + Vdf) + K+\/Klogd/d

K3WK + K\/Klogd K3VK + K+/Klogd
5 \/E 7T4(d) = \/C_Z .

IE(V(VTV)=V)|l2.0 |E||2+7r5(d)(log d+V/d6)

Thus Assumption 4 is met and now we move on to study the order of 7;(d). Before we
continue with the proof, we state the following elementary lemma that helps study the

operator norm of a covariance matrix.

Lemma D.5. x;,x, € R? are two random vectors, then we have

| Cov(x1,%2) |2 = || Cov(x2,%1)[]2 < /|| Cov(x1)]|2]| Cov(xz)]]2,

and

| Cov(x1 +x2)||2 < 2| Cov(xy)][2 + 2| Cov(xz)l|2.
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The proof of Lemma D.5 can be found in Supplementary Materials F.4. With the help
of Lemma D.5, we first decompose E = Eq + E,, where E; = [E;;I{i < j}| is composed of
the diagonal and upper triangular entries of E and Ey = [E;;I{7 > j}] is composed of the
off-diagonal lower triangular entries of E. Then it can be seen that both E; and E, have

independent entries. Now for j € [d], we can write
EP,e;j =Ee; —-EVV'e; =Ee; — (E,VV'e; + E;VV'e)).
Then we study the covariance of the three terms separately. We have

COV(EQJ’) = COV(E.J') = dlag (Mlj(l — M1j>, R ,Mdj(l — Md]))y

d
Cov(B1VVe;) = diag ([ 3 Ma(1 — M) (Pye, 214 < )] ):
k=1

d
COV(EQVVTe]') = dlag <[Z Mzk(l — Mlk)(Pvej)i]I{z > k}] j:1>.
k=1
Then we have § < Aq( Cov(Ee;)) < || Cov(Ee;)||, < max; E(EZ) < 0 and

| Cov(ExVVTe)ls < max D Ma(1 — Ma) (Pre, (i < )

0K

d
< maxE(E)* Y (Pve;)} S 0[Pve;l < 0 VI3, < =
k=1

and very similarly we also have || Cov(EaVV ;)2 S 6K/d. Thus by Lemma D.5, we know

that || Cov(E;VVTe; + EeVVe))|s S 0K/d and

| Cov(E;VV 'e; + E;VV e Eej)la < V02K /d = 0/K/d.
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Therefore, we can write

| Cov(EP ;) — Cov(Ee;) |2 < 2||Cov(E;VV e; + E;VV e, Ee))|l

+ || Cov(E;VVTe; + EoVVie)) |2 <0y K/d.

Thus we have A\;( Cov(EP e;)) > \y( Cov(Ee;)) — || Cov(EP 1 e;) — Cov(Ee;)|» = 6, and
we have 7, (d) =< A\[%0. Therefore, when § = K2d~/?*¢ for some constant € > 0, p = Q(v/d)

and L > K°d*/p, K = o(d"/'®), we have that

r(d) =A™ (\/%ﬁ(d) + r3(d)r T/ 5—§2T1(d)2 + ro(d) + 7’4(d)>

4 2
SK\/K—FK v Klogd < < m(d)V2.
d3/20 p Kd\/_

Thus 7, (d)~*/?r(d) = o(1) and the condition for the asymptotic covariance matrix is satisfied.
Now we need to verify Assumption 5, and similar as in the proof of Corollary 4.9, we can
verify the following more general result.

Given j € [d], for any matrix A € R?X that satisfies the following two condi-
tions: (1)[|All2.00/0min(A) < C/A3uK/(dA?); (2) Ak (%;) > c@(amin(A))Q, where 3, :=

Cov(ATE(P e;) and C,c > 0 are fixed constants independent of A, it holds that
S PATEGP e; % N(0,Ig). (D.32)

It can be checked from the previous proof that A = VA~ satisfies the two conditions. To

show (D.32), we need to show that aTZj_lmATEPLej N N(0,1) for any a € R¥ |jal|, = 1.
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We will first study the entries of P e; and AX;"/?a. It holds that

(Pre;)jl = [(Ta—=VVi)e;) | <1+ VI =1+ 0(1);

K
max|(Pe;);| = max|e/e; — e/ VVie)| <0+ | V|3, =~
i#£] i#£] ’ d
K
—1/2 —1/2 _
IAZ a0 < Aol 2512 S 072 Allsco/Omin(A) S K2 i

Then we know that

d
a'S;?ATEP e; = > Ey(AS;%a),(PLe;) = Y Eu(AX;%a),(P_e));
ik =1

+> By [(AD;%a)i(PLe))i + (AX; a) (P Le;)].

i<k
Then for the diagonal entries we have

d
> E[E,(AX;a)(Pre;)|®
=1
= E|E;(AX;a);(PLe);* + Y EIE (A a),(Pe;);[*
i#£j
s o KO K3

< 01AS; P al% + dol| AX;allS max | (Preg) S —-y/ o
17

and for the off-diagonal entries, when K = o(d'/?%) it holds that

3
ZE‘EM (A 2a)(Pe)), + (AS; a)(PLey)]| < do|AS; al?,

i<k

. K K?
+ d*0||AX; 1/2a|ygo(g)3 < K%/@ = o(1).

Moreover, since Var(aTEjfl/ ATEP 1€j) = 1, by the Lyapunov’s condition and plugging in

A = VA~ Assumption 5 is met and (6) follows.
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Now we only need to verify that the result also holds when replacing X, by ij. From

previous discussion we learnt that

125 — jll2 < [VAT[3]| Cov(EP Le;) — Cov(Ee;)||;
K? |K K ~ ~
< 20\ 7 N K4\/ E)\K(Ej) = o(Ak (%))

Then by Slutsky’s Theorem, (A.18) holds.
Now we verify the validity of ij. Similar as in the proof of Corollary 4.6, H is orthonormal
with probability 1 —o(1), and we will start by showing that Hf]] —HXZ,H ||, = op ()\K(ij)).

From previous discussion we have the following bounds

IM = M|, = Op(Vdh), V"= VH|[, = [V'H= V]|, = Op(—=),

K
Vdo
and

1
Kdvo )
K3VK + K\/Klogd
Ao

IVFH = V(o0 < [V'H = VH s + [VHy = V|20 = 0p(

K3K + K/Klogd
dv/o

+ Op( ) = Op( ).

With the help of the above results, we will study the components of ﬁj — HinT separately.
In the following proof, we will base the discussion on the event that H is orthonormal. We

first study M = (VEVF)M(VEVFT) = VFHHTVFTMVFH)HTVFT. We have that

IHTVFTMVFH — A, < [H'VFTMVFH - H'VF TMVFH||,
+ [H'VITM(VIH = V)|, + [[(VIH - V) MV,

< M = M[> + 2|[M|},[|VFH = V||, = Op(K*Vd6).
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Then for 4, k € [d], we have

My, — M| = [(VFH)] (HTVFTMVTH)(VFH), — M|
< |(VFH)] (H'VFTMVFH — A)(VFH),| + |(VFH — V),A(VFH),|

+|(V);,A(VFH = V),
It is not hard to see that

(VFH)] (HTVITMVH - A)(VIH),| S [HTVITMVTH — A1, [VFH3

= Op(K*Vd0|V H|3 ) = Op <K3 %) ,

(VF'H = V),A(VIH),| + [(V)A(VIH - V),

N 0
= Op(KdO||V||2.00][ VHy — V]l2.00) = Op <K3(K2 + +/log d)\/g) ,

and in turn we have the upper bound

K3(K? + \/logd)

:op< =

)9 — 0p(8) = op(My).

Thus we have

K3<K2+\/@)9>.

| diag ([M;(1 — M;)]L,) — diag ([Mi;(1 — M)y ||, = OP( NG
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Then we move on to study A. We have

|A —HAH [, < [V (M = M)VF||; + (V" = VHT) TMV"|,

+|[HV ™M(VF — VH) ||, = Op(Vdb) + Op(K>*VdO) = Op(K>Vd6).

Then if we denote Dy = (A — HAHT)HA'H', we have that |[Dylly = Op(K3/v/df) =

op(1), and thus we have

JA~' —HA-'HT[l, — [|(HAHT + A — HAHT)"' — (HAH")""|,

- HHA—1HT (I +Da)~" — 1g] H < A7) S (-Da)l,
=1

= Op(K*/(d9)*?).

Thus, following basic algebra we have the following bounds

IVFT diag ([sz(l - Mij)]?:l){[F — HV diag ([M;(1 — M), ) VHT ||,

<[V ((diag ([M(1 — My)J2L,) - diag (M (1 = Miy)Ji,) ) V75

K3(K2+M)>9
NG :

+ 2“{71: - VHTH2|| diag ([Mij(l - Mij)]?:l) |2 = OP(

and further, under the condition that K = o(d'/3?), we have

= = K3(K?* + y/logd -~ o~ -
||Ej—HEjHT||250p( ( 75 )9>||A Y2+ 0)|A oA — HAT'H ||,
K7(K?+logd)\ 1 K™, 1
= 0p( )y + Op(—=) s
Vo K220 Vo' K2d?0
K'(K?+ logd)\ 1 =
= 0 ( v ) gz = or (%))
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Thus with similar arguments as in the proof of Corollary 4.6, the claim follows.

Remark 17. The inferential results also hold for the case where self-loops are absent. Recall

that under the no-self-loop case, the observed matrix is
M = X — diag(X) = M + E — diag(M + E) = M + E — diag(E) — diag(M),

where E = X — M is the error matrix between the adjacency matrix with self-loops and its
expectation. We define M =M+E-— diag(E) and denote by V'its K leading eigenvectors.
By Weyl’s inequality (Franklin, 2012) we know that with probability at least 1 — d~'°
we have that O'K(M\/) — O'K_H(ﬁ,) > A — O(Vdf) > df/K, and hence by Davis-Kahan’s

Theorem (Yu et al., 2015) we have
IVVT = V'VT||, < || diag(M)|2/ (o (M) — 05041 (M) S K/d,

with probability at least 1 —d~'°. The verification of Assumptions 1, 3 and 5 when self-loops
are present can also be applied to the no-self-loop case. For Assumption 2, we can take

E¢ = E — diag(E) and E, = —diag(M). Then r5(d) = || diag(M)||s < 0 = o(r1(d)) and

~Y

Assumption 2 is satisfied. As for Assumption 4, by Lemma 7 in Fan et al. (2019), we have

K2

sen(VTV) = VTV, < [VVT - VvVT |2 < 2
o

2

ST OTO ST o K
lsgn(VIV) = VIV, S[VVT - VVT|S < —.

2~ d2

With similar arguments as in the self-loop case, for V' with high probability we have

K3K + K/Klogd
dvo ’

IV'sgn(V'TV) = Vo0 S
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K3VEK + KyEKlogd
Vd

[Eo(V(VTV)=V)|lg.00 <

Then for V, with high probability we have that

IVsgn(VTV) = Vse < [V(VTV) = V200 + [V (sg0(VTV) = VTV) = V]2
o P ST K?
<IV(VIIL=VVIV) = V]ou + [VVIVVIV) = V] + O(— )HVH2 0
ST O PPN K?
VIV V)= Voot [VI(VIV) = Vo0 +0(— )HVHzooHIVVT V'V ]| V200

2

K
<O0( >(||V||2oo+ungn<vTv> VHzoo)+HVVT—V’V’TH2+||V’(V’TV)—VH2,oo,
where in the last two inequalities we use the fact that
1L = VVI) Vo = (L= V'V Vs = [VIV'|ls = [V V], = [VVT = V'V,

with V 1 and {\/’L being the orthogonal complement of V and V' respectively. Since

K?/(df) = o(1), for large enough d we further get

1||\7sgn<\7W> Vo < (1- 0 (K2/(d0))) |V sgn(VTV) —vum

< O( )HVHaoo+0( d)+ [V’ sgn(V'TV) - VHzoo+0( )HV'Hzoo

K2 /£+£+K3\/_+K\/Klogd<K3\/K+K\/ log
< o\ d " d dv/o ~ Ao '

Hence r3(d) = KvV/K(K? 4+ /logd)/(dv6). We also have

IEVEVTV) — V)lan < [Bo(VVTV) = V)lpe + 2N

A
Sy ro(d)ri(d
< BV (VTV) = Voo + %
_ KE + K\Klogd < FVE + KyKlogd
Vd d Vd
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and hence we can take r4(d) = Kv/K(K? 4+ v/Iogd)/vd. Now to get a sharper rate for 7(d),

we take into consideration the diagonal structure of E;, and derive the following bound

IPLE,VHoA 500 < [[VVTE,VHiA Y200 + | Es VHA |20

ra(d )||V||zoo . I diag(M )VIIQOO

K / | Iding(Dl, HV\|200<K L3

Then from the proof of Theorem 4.5 we have that

K*VK + K*/Klogd K K
oy < KVEH L LK+ oS« ——
d3/20 OpL  dV d — Kdvo
and we are only left to verify the minimum eigenvalue condition of 3; by showing that the
order of 7;(d) is the same as when there are self-loops. With the same arguments, we know

that

K 1
J Py g -1y T 4 -
| Cov(A VTP e) — Cov(A 'V TE'e,)]| < 0 (K Y g) s

Besides, we also have

| Cov(AT'VTE'e;) — )l = ATV (M;(1 — Myj)eje] )VAT!,

_ K?K K® 1
SMIA BIVIE S Jo50g = OCF) 7 = 0(A(E5)).

Thus we also have || Cov(A-'VTE'P e;) — |, = O(AK(ij)), and thereby

0
Ak (Cov(AT'VTE'P Le))) = A (8) (1 +0(1)) 2 7555+

Thus we still have 7, (d) = A\;?6 for the case where self-loops are absent. The condition for
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n1(d) also holds for the no-self-loop case and both (6) and (A.18) hold. The verification of

(A.19) is almost identical to the self-loop case and is hence omitted.

D.13 Proof of Corollary A.4

Recall that M = (1/6)Ps(M + &) and M = (1/0)Ps(M + &) share exactly the same
sequence of eigenvectors, and we can treat VF as the FADI estimator applied to M'. We
will abuse the notation and denote E := M/ — M.

To show that (6) holds, we need to verify that Assumptions 1 to 5 hold and the minimum
eigenvalue conditions hold for the asymptotic covariance matrix. We know from Corollary A.1
that Assumption 1 and Assumption 2 are satisfied, and that r1(d) = |\ |uK/v/d0 + /do? /0
and ro(d) = 0. Define 0 = (|\|uK/d) V o, we have from the proof of Corollary A.1 that
Var(E;;) < 02/60 and |E;;| = O(c logd/#) for i,j € [d]. From Theorem 4.2.1 in Chen et al.

(2021), we have that with probability 1 — O(d~®)

L G /uKT0 4+ 5/ Koz d/8
IV san(VTV) = V.o, < Z20VAE/ 10 ogd/f

and thus we know r53(d) =< (k20\/pK /0 + 5+/Klogd/6)/A. Besides, by the proof of

Theorem 4.2.1 in Chen et al. (2021), with probability 1 — O(d~7), we have

PN dK &> _ /d o | logd
[E(VVIV)-V)[|, .S MU (\/logd%—\/ﬁ)—ka\/;rg(d)—l—% Kog IE|

d~2
\/A_g (\/Klogd+f£2\/uK),

S
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and thus r4(d) < ‘/gf (VEKlogd + kay/pK). Therefore, Assumption 4 is met and we have

A d
- Vdo </12\//LK+\/Klogd>i+ Kd)
~\AVE A Vo pL

Now we will study the statistical rate n,(d). We know that E;; = Ej are ii.d.

r(d) = /%rl(d) + r3(d)ri(d) /A + ﬂ7“1((1l)2/A2 + (rQ(d) + 7’4(d))/A

across ¢ < j and Var(E;;) =< 02/6, then by Lemma D.5, with almost identical ar-
guments as in the proof of Corollary A.3, for j € [d] we have that || Cov(EP e;) —
Cov(Ee))|2 < 62/0y/uK/d, and thus \;( Cov(EP e;)) 2 Aa(Cov(Ee;)) = 5%/0 and
we have ny(d) < A2607'62. Therefore, under the condition that L > x2Kd?/p and

c/A+\/d/0 < min <(/<%\/,uK + /{gx/Klogd)fl, p/d), we have that n,(d)~/?r(d) = o(1).

Now we move on to verify Assumption 5. More specifically, we will show that the

following results hold:

Given j € [d], for any matrix A € R™X that satisfies the following two conditions:
(D|A|2.00/Tmin(A) < CV/ MUK/ (dA?); (2) Mk (%;) > 0529_1(Jmin(A))2, where X; :=

Cov(ATE(P e;) and C,c > 0 are fixed constants independent of A, it holds that
> PATEP e; % N(0,1 D.33
JEATEP o) b N(0,T). (D.33)

To prove (D.33), it suffices to show that aTE;1/2ATEPLej N N(0,1) for any a €
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RX, [[alls = 1. We will first study P e;, AX;"?a and max;; E|[Eq[*. It holds that

(Prej)jl = [((Ta = VV e;) | 1+ VIE 0 =1+ 0(1);

K
max |(Pe;)| = max|e]e; — e/ VVTe;| <0+ V]2, =55
i#j i#j ’ d

; - 52/0) 1K 0
1A% 2l < ALz lS5 1l S 3/0) V2 Al e /omin(A) S oy /222

q

3 1 d 3 ~3
HlZ%XE|E1k|3 5 H Hmaxg (;§ ) g < e—(logd)

Then we know that

d
a's;?ATEP e; = > Ey(AS; %a),(Pre;) = Y Eu(AX;%a),(P_e));

ik =1
+> By [(AD;%a)(P e + (AX; a) (P e;)].

i<k

Then for the diagonal entries we have

d
> EIE,(AS;a)(Pre;)|®

i=1

= E|E;(AX; a);(PLe); P + Y EIE (A a),(Pe;)[*
i#]

S EE;[*IAS; allL + dmaxE[By | AS; i, max| (P e;)f*
rylKp [pK (
< 2777 log d)?

and for the off-diagonal entries, under the condition x$K>u® = o(d'/?) it holds that

ZE)EM[(AE;I/Qa)i(PLej)k—|—(AE;l/Qa)k(Plej)} <d—HA2 241 (log d)?

i<k

a° _ K nK
+ & 55 log ) |AZ; a3 (5) € K/ En log d) = o(1).
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Moreover, since Var(aTEj_l/ ATEP ;) = 1, by the Lyapunov’s condition, (D.33) holds
and Assumption 5 is satisfied by plugging in A = VA~!. By Theorem 4.5, we have that (6)

follows.
To show that (A.20) holds we need to show that Hij — Xl = O()\K(ij)). From

previous discussion we learnt that

15 = Zjll> < [VA'[3]] Cov(EP Le;) — Cov(Ee;)]|>
uK o K
_AQV —< \/ )\K —OAK(E ).

Then by Slutsky’s Theorem, (A.20) holds.

Last we verify that the distributional convergence still holds when we plug in the estimator
f]j. Similar as in the previous proof, it suffices for us to prove that ||§]] - HfleTHQ =
op ()\K(flj)) In the following proof, we will base the discussion on the event that H is
orthonormal. We will first bound HM — M||pmax- From previous discussion we have the

following bounds

_ _ _ _ 1 —
IM' — M|l> = Op(+/d52/6), |[V" = VH'[y=|VFH - V|, = OP(Z da?/9),

and

)
M VO
O </<525\/,uK/9+5\/Klogd/0)_O (ﬁg'&\/uK/Q—i-'&\/Klogd/Q)
P A =0Op A :

I[VFH — Vljs.00 < [VIFH — VHgls + [VH; — V200 = 0p(

Now we can study M = (VFVFT)Q(VFVFT) = {/'FH(%HTVFTK/I\’{/FH)HT?FT. Recall

by Hoeffding’s inequality (Hoeffding, 1994), with probability 1 — O(d~'°) we have that
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60— 6| < 84 and | S| = Q(d?0), and we have that

0 o~ ~ e~ . .
HZ\HTVFTM’VFH — Al < |H'VETM'VFH - H'VFTMVFH||,

- ~ ~ Viogd
+ ||HTVFTM(VFH—V)||2+H(VFH—V)TMV||2+OP< Viogd Ml)

—~ ~ Vogd
S M = Mz + 2| M| VFH = V|2 + Op (Y22 Al ) = Op(r2\/d57/0).
Then for any i, k € [d], we have

__ - 0 -
M M| = (V)] (GHTVE TRV H) (V7B — My
< (VPH)T (%HT{?FTM'\?FH ~ AYVEH) + [(VPH — V), A(VEH),

+|(V)A(VIH = V)| = Op(ro+/do? /0| VP HI[3 )

Vds M\ |pK Kot KK\
) = OP g,
AVO d Vdb

+ Op(IM [V |20 VH) = V|2,00) = Op(

and in turn we have

~ A W( VA \ (| |pK _
M2 —M2| < PauK = 1
| ik Mzk| ’Mik Zk’ Op (A\/_> ( d ) ’ VZ,k S [d]

Now we move on to bound the error of 2. We know from the setting of Example 4 that

gir’s are sub-Gaussian with variance proxy of order O(o?(log d)?), and thus

82—02\:‘ Z(Mik+€ik—mik)2/\8|—a2 :‘ Z(Mik+€ik_Mik+Mik_Mik>2/|8|_
(i,k)eS (i,k)eS

a*(log d)?
5 2 bt IV M = 0p (U ES

_ op<<lz%>2 Jo + 0p (S Kz,

) or(g)7
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Then for any i € [d], we have that

Mz i1 1| |62—02
J|+ 2‘ +| |

QQ‘T 90 9

B do \ .y (| A|puk 2 (logd)?  r3u*K*\G? VA
_0P<A\/5)9 ( d )*OP( N T )9_0P NV

and thus we have that

| diag (M (1 = 6)/8+ 5 /)1-,) — diag (IMZ;(1 = 6)/6 + 0 /6]1L,) |1 = OPQ@%)&_Q

Also, we have shown that

|A—HAH"|, = HQHT\?FTﬁ'\?FH —Alls = Op ( \f")
0 AV

then we have |[A~' — HAT'H ||, = Op( ff) and hence
IVFA™ = VAT'H |l < A7 = HAT'H || + |A™ o[ VF = VHT|5
\/c_i?f>i+0 (\/c_l&>i_0 < \/%) 1

=0 - - IR
P(@A\@A PA\@A FLQA\@A

Then following basic algebra we have that with high probability

AR
AV A0

Vdgy &2 Vs 32
(savs) s = 0 )

I, < SR DR -
I~ HE,H ||, S Op( waxm) A% K2y /) A%

Then under the condition that m%{;\‘% = o(1), we have that

S N L _
1%, - HEH ||y = Op (k) = op(Ak (%))

Y AVG N
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E Proof of Technical Lemmas

In this section, we provide proofs of the technical lemmas used in the proofs of the main

theorems.

E.1 Proof of Lemma D.2

It can be easily seen that

122/ VB> = (127 /pll) /> = ((d/p)|QTQ/d|,) ">

By Lemma 3 in Fan et al. (2019), we know that ||[|27Q/d — L, |l2|l¢, < +/p/d, and thus
I12TQ/d|ally, S 14++/p/d = O(1). Therefore, we have ||[|Q2Q" /plla|ly, < d/p. By Jensen’s

inequality, we in turn get ||||€2/\/p|l2ll¢, S /d/p-

E.2 Proof of Lemma D.3

By Proposition 10.4 in Halko et al. (2011), we know that for any ¢t > 1, we have
P (||n+||2 > t) < oK), (E.31)

Since p > 2K, there exists a constant ¢ such that —%— < ¢, and thus
p—K+1

P (vp |||, > ct) < ¢t~ P-FFD. (E.35)

85



Therefore, we have

E (i @/VE) ™) = E (Va2 2) = [ B (I > w) u
= [ Rl z et [P (ViR = ) du
< [ POV, zaydus e [ (e

:ca<”<p—f<+11>/a—1)' |

Since 1+ m < 2, the claim follows.

E.3 Proof of Lemma D.4

We first consider the probability P (||[£' — VVT||; > ). Recall the matrix Y := VP,A'VTQO).

Now by Jensen’s inequality and Wedin’s Theorem (Wedin, 1972), we have

1= —VVT, = |[E (\7@\7“”\5/1\) ~VVT|,<E (H\?(@\?(@T vV’ /M)
2
~ — E (910) D —
S (IXOF = YO s/ (¥ 7)) < 5l | 20/
Omin (Q(Z)/\/ﬁ>
Bl (_190/y5l: ) _ 1Elk e, 1
= Blleg [ M2 ) Bl (100, 512) B ((omn(29/v) )

A Omin (Q(E)/\/ﬁ)
< By 00 ol < B2 /azp

where the last but one inequality is due to Lemma D.3 under the condition that p >

max (2K, K + 3), and the last inequality is due to Lemma D.2. Therefore, by Assumption 1,
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there exist constants ¢y, ¢;, > 0 such that

E A
P(|Z - VVT|y>ce) <IP’<”AH2\/CZ/]92 06€> < exp (—co\/g c )

dTl(d)

Similarly, we consider the probability P <||E’ — \Af\AfT||2 > 5). By Assumption 1, there exist

constants cj, ¢y’ > 0 such that

P (HE’ VVT | > 5) <P =VVT|y>¢e/2) + (H\?\?T VYV, > g/2>

||E||2 /// P Ag CSA&T

< — < - _ ==
= o ( C°\/F_ ) ( exp im@) TP\ @
cor o
1

Therefore, the claim follows.

E.4 Proof of Lemma D.5

We know that Cov(x; + x2) = Cov(x;) + Cov(xy) + Cov(xy,Xz) + Cov(xg,x1), where

Cov(x1,Xs) = E(x; — Ex;)(x9 — Ex,) ', and

| Cov(x;)[|2 = max v' Cov(x;)v = max Var (v'x;),
Ivilz=1 Ivil2=1

for 1 = 1, 2. Therefore, we have

| Cov(x;,%o)]2 = max v Cov(x;,xs)u= max Cov(v x;,u'xp)
[vll2=1,[[ull2= 1 [vll2=1,[lullo=1
< ma v/ Var(vTx;)y/Var(vxsy) = /| Cov(xy)]|2]] Cov(xa)]|2

Ivil2= 1Hu||2 1

1 1
< Sl Covlx)l2 + 5| Covia)
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Thus we have

| Cov(x; +x2)[l2 < || Cov(xy)|l2 + || Cov(xa)|l2 + || Cov(xy, x2)||2 + [| Cov(xz,x1) |2

< 2[[ Cov(xy)|l2 + 2| Cov(xa)][2.

F Wedin’s Theorem

Lemma F.1 (Modified Wedin’s Theorem). Let M* and M = M* + E be two matrices in
R™>*"2 (without loss of generality, we assume ny < ny ), whose SVDs are given respectively

by
> 0 0 \%l

0 X1 0 \%

n1 > 0 0 \val
M= ouy] = [U U, ]
i=1 0 EL 0 VI

Here, 01 > -+ > 0y, (Tesp. 07 > --- > oy ) stand for the singular values of M (resp.
M*) arranged in descending order, u; (resp. u}) denotes the left singular vector associated
with the singular value o; (resp. o7 ), and v; (resp. v} ) represents the right singular vector

associated with o; (resp. of). U and U* stand for the top r eigenvectors of M and M*

respectively. Then,

2| E]

max {|[UUT — U*U*T |5, [VVT = V'V T} < ———— (F.36)
O, — 0r+1
and
2 /7||E
max {[UUT — OO, [VVT = Vv [} < 2YTIEL (F.37)

*
r — Ory1
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Proof. By Wedin’s Theorem (Wedin, 1972), if ||E[ls < (1 — 1/v2) (o7 — 07,4), (F.36) and
(F.37) are true. When [|E||; > (1 —1/v2) (67 — 07,,), the RHS of (F.306) are larger than
or equal to 2 — /2, whereas the LHS are bounded by 1. Thus (F.36) follows trivially, and

so is (F.37). O

G Supplementary Figures

We provide in this section additional figures deferred from the main paper.

(a) Example 1: Spiked Covariance Model (b) Example 2: Gaussian Mixture Models

N
q

n
i

—— 500
-4 1000
-=- 2000

Empirical ARE
Empirical ARE

=
g

Figure 8: Asymptotic relative efficiency (ARE) between the FADI estimator and the traditional
PCA estimator under the spiked covariance model and GMM, where the ARE is measured by
det(fJFADI)l/ K. det(iPCA)_I/ K with SFAPT and SPCA being the empirical covariance matrices
for the FADI and traditional PCA estimators (Serfling, 2009). The results suggest that when
Lp/d > 1 and increases, the ARE between FADI and the traditional PCA approaches 1.

xO = [ s )
N aS K'<K'
g e R*X
2 (2
X? — Zg) S

VD A
> 6% 1= Ain(Es)

A

X ) — Z(Sm)

Figure 9: TIllustration of Step 0 for Example 1. f]f;) = XE;SE]—XE:S)S] is calculated by the data

columns in the set S for the s-th split (s € [m]), and Zg =n"! > sefm] i](;)
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Figure 10: (a) Correlations between the 25 leading PCs calculated by FADI and by full sample
PCA on the 1000 Genomes Data; (b) Top 25 eigenvalues for the sample covariance matrix of the
1000 Genomes Data. We can see that for the 15 leading PCs, the results calculated by FADI
are highly correlated to the results calculated by the traditional full sample PCA, whereas the
correlations drop afterward. This can be attributed to the fact that the top 15 eigenvalues are
well-separated for the sample covariance matrix of the 1000 Genomes Data, and the eigengaps get

smaller after the 15th eigenvalue.
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Figure 11: Comparison of the top 12 PCs of the 1000 Genomes Data calculated by full sample

traditional PCA and by FADL.
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